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1. Introduction to Complex Space-Time 



Oh! 
> 

X. 

^ ^ The physical and mathematical motivations for studying complex space-times or 

real Riemannian four-manifolds in gravitational physics are first described. They 
originate from algebraic geometry, Euclidean quantum field theory, the path- 
integral approach to quantum gravity, and the theory of conformal gravity. The 
theory of complex manifolds is then briefly outlined. Here, one deals with para- 
compact Hausdorff spaces where local coordinates transform by complex-analytic 
transformations. Examples are given such as complex projective space Pm, non- 
singular sub-manifolds of Pm, and orientable surfaces. The plan of the whole paper 
is eventually presented, with emphasis on two-component spinor calculus, Penrose 
transform and Penrose formalism for spin-| potentials. 

1.1. From Lorentzian to complex space-time 

Although Lorentzian geometry is the mathematical framework of classical general 
relativity and can be seen as a good model of the world we live in ([29], [16], [17]), 
the theoretical-physics community has developed instead many models based on 

*With kind permission of Springer Science and Business Media to use the material described in 
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a complex space-time picture. We postpone until Sec. 3.3 the discussion of real, 
complexified or complex manifolds, and we here limit ourselves to say that the 
main motivations for studying these ideas are as follows. 

(1) When one tries to make sense of quantum field theory in flat space-time, 
one finds it very convenient to study the Wick-rotated version of Green functions, 
since this leads to well defined mathematical calculations and elliptic boundary- 
value problems. At the end, quantities of physical interest are evaluated by analytic 
continuation back to real time in Minkowski space-time. 

(2) The singularity at r = of the Lorcntzian Schwarzschild solution disappears 
on the real Riemannian section of the corresponding complexified space-time, since 
r = no longer belongs to this manifold ([17]). Hence there are real Riemannian 
four-manifolds which are singularity-free, and it remains to be seen whether they 
are the most fundamental in modern theoretical physics. 

(3) Gravitational instantons shed some light on possible boundary conditions 
relevant for path-integral quantum gravity and quantum cosmology ([30], [27], [17]). 

(4) Unprimed and primed spin-spaces are not (anti-) isomorphic if Lorentzian 
space-time is replaced by a complex or real Riemannian manifold. Thus, for exam- 
ple, the Maxwell field strength is represented by two independent symmetric spinor 
fields, and the Weyl curvature is also represented by two independent symmetric 
spinor fields (see (2.1.35) and (2.1.36)). Since such spinor fields are no longer related 
by complex conjugation (i.e. the (anti-)isomorphism between the two spin-spaces), 
one of them may vanish without the other one having to vanish as well. This prop- 
erty gives rise to the so-called self-dual or anti-self-dual gauge fields, as well as to 
self-dual or anti-self-dual space-times (Sec. 4.2). 

(5) The geometric study of this special class of space-time models has made 
substantial progress by using twistor-theory techniques. The underlying idea ([55], 



[56], [57], [59], [62], [63], [64], [99], [100], [65], [101], [102], [32], [33], [107], [69], [70], 



[109], [45], [3], [46], [103], [48]) is that conformally invariant concepts such as null 
lines and null surfaces are the basic building blocks of the world we live in, whereas 
space-time points should only appear as a derived concept. By using complex- 
manifold theory, twistor theory provides an appropriate mathematical description 
of this key idea. 

A possible mathematical motivation for twistors can be described as follows 
(papers 99 and 100 in [2]). In two real dimensions, many interesting problems are 
best tackled by using complex-variable methods. In four real dimensions, however, 
the introduction of two complex coordinates is not, by itself, sufficient, since no 
preferred choice exists. In other words, if we define the complex variables 



Zi = Xi+ iX2, 



(1.1.1) 



Z2 = X3+ iX4, 



(1.1.2) 



we rely too much on this particular coordinate system, and a permutation of the four 
real coordinates xi,X2,X3,X4 would lead to new complex variables not well related 
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to the first choice. One is thus led to introduce three complex variables ^u, z", : 
the first variable u tells us which complex structure to use, and the next two are the 
complex coordinates themselves. In geometric language, we start with the complex 
projective three-space P-i{C) (see Sec. 1.2) with complex homogeneous coordinates 
[x, y, u, v), and we remove the complex projective line given hy u = v = 0. Any line 
in ^P3(C) — Pi(C)^ is thus given by a pair of equations 

X = au + bv, (1.1.3) 

y = cu + dv. (1-1-4) 

In particular, wc arc interested in those lines for which c = —b, d = a. The deter- 
minant A of (1.1.3) and (1.1.4) is thus given by 

A = aa + bb=\af + \bf, (1.1.5) 

which implies that the line given above never intersects the line x = y = 0, with the 
obvious exception of the case when they coincide. Moreover, no two lines intersect, 
and they fill out the whole of (^P3{C)~Pi{C)j . This leads to the fibration (^P3(C)- 

Pi (C) ) — > by assigning to each point of ( P3 (C) — Pi (C) ) the four coordinates 



(^Re(a), Im(a), Re(6), Im(6) j . Restriction of this fibration to a plane of the form 

au + pv = 0, (1.1.6) 

yields an isomorphism C"^ = R'^, which depends on the ratio (a,/?) G Pi{C). This 
is why the picture embodies the idea of introducing complex coordinates. 

Such a fibration depends on the conformal structure of R^. Hence, it can be 
extended to the one-point compactification of i?^, so that we get a fibration 
PaiC) — > S'^ where the line u = v = 0, previously excluded, sits over the point at 
00 of S"^ = i?4u{oo}. This fibration is naturally obtained if we use the quaternions 

H to identify C** with and the four-sphere S"* with Pi{H), the quaternion 
projective line. We should now recall that the quaternions H are obtained from the 
vector space R of real numbers by adjoining three symbols k such that 

i^=f = k^ = -l, (1.1.7) 

ij = —ji = k, jk = —kj = i, ki = —ik = j. (1.1.8) 
Thus, a general quaternion G H is defined by 

X = xi + X2i + xsj + X4k, (1.1.9) 
where ^a;i,a;2,X3,a;4^ e i?*, whereas the conjugate quaternion x is given by 

X = Xi — x^i — Xsj — Xik. (1.1.10) 
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Note that conjugation obeys the identities 



{xy) = yx, (1.1.11) 

4 

XX = XX = x'^^ = \xf . (1.1.12) 

If a quaternion does not vanish, it has a unique inverse given by 

X-' ^ (1.1.13) 

Interestingly, if we identify i with we may view the complex numbers C as 

contained in H taking x^ = X4 = 0. Moreover, every quaternion x as in (1.1.9) has 
a unique decomposition 

X = Zi+ Z2j, (1.1.14) 

where z\ = x\+ X2i, Z2 = xs + x^i, by virtue of (1.1.8). This property enables one 
to identify H with C^, and finally with C^, as we said following (1.1.6). 

The map a : P3(C) — > PsiC) defined by 

a{x,y,u,v) = {-y,x,-v,u), (1.1.15) 

preserves the fibration because c = —b, d = a, and induces the antipodal map on 
each fibre. We can now lift problems from S'^ or i?^ to PaiC) and try to use complex 
methods. 



1.2. Complex manifolds 

Following [12], we now describe some basic ideas and properties of complex-manifold 
theory. The reader should thus find it easier (or, at least, less difficult) to understand 
the holomorphic ideas used in the rest of the paper. 

We know that a manifold is a space which is locally similar to Euclidean space 
in that it can be covered by coordinate patches. More precisely ([29]), we say that a 
real C n-dimcnsional manifold M is sl set A4 together with a C' atlas (/ial, 

i.e. a collection of charts (Ua, (/'q^ , where the Ua are subsets of M and the (pa are 
one-to-one maps of the corresponding Ua into open sets in R" such that 

(i) A4 is covered by the Ua, i.e. A4 = Ua 

(ii) if Ua n U^ is non-empty, the map 

(j)a O (j)-^ : (1)13 (Ua n JJ/j) ^ (Aa (Ua Uff^ 

is a C" map of an open subset of i?" into an open subset of -R". In general relativ- 
ity, it is of considerable importance to require that the Hausdorff separation axiom 
should hold. This states that if p, q are any two distinct points in A4, there exist dis- 
joint open sets U,V in A4 such that p £ U, q gV. The space-time manifold (M, g) 
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is therefore taken to be a connected, four- dimensional, Hausdorff C°° manifold M 

with a Lorentz metric g on M, i.e. the assignment of a symmetric, non-dcgcncrate 
bilinear form g^p : TpM x TpM R with diagonal form (— , +, +, +) to each tangent 
space. Moreover, a time orientation is given by a globally defined, timelike vector 
field X : M ^ TM . This enables one to say that a timelike or null tangent vector 
V e TpM is future-directed if g{X{p),v) < 0, or past-directed if g{X{ji),v) > 



By a complex manifold we mean a paracompact Hausdorff space covered by 
neighbourhoods each homeomorphic to an open set in C™, such that where two 
neighbourhoods overlap, the local coordinates transform by a complex-analytic 
transformation. Thus, if z^, 2™ are local coordinates in one such neighbourhood, 
and if w^, are local coordinates in another neighbourhood, where they are 



both defined one has = w^[z^,...,z"^), where each is a holomorphic func- 



tion of the z^s, and the determinant d(w^,...,w"^]/d(z^,...,z"^] does not vanish. 



El. The space C™ whose points are the m-tuples of complex numbers ( z'^, z' 



In particular, is the so-called Gaussian plane. 

E2. Complex projective space Pm, also denoted by Pm{C) or CP"^. Denoting by 
{0} the origin (0, 0), this is the quotient space obtained by identifying the points 
^z", z^, z™^ in C™"''^ — {0} which differ from each other by a factor. The covering 

of Pm is given by m + 1 open sets Ui defined respectively by z* ^ 0, < i < m. 
In Ui we have the local coordinates = z^ jz^, < k < m, k ^ i. In Ui (1 Uj, 
transition of local coordinates is given by Cj* = Ci/Cii < h < m, h j, which are 
holomorphic functions. A particular case is the Riemann sphere Pi. 

E3. Non-singular sub- manifolds of Pm, in particular, the non-singular hyperquadric 



A theorem of Chow states that every compact sub-manifold embedded in Pm is 
the locus defined by a finite number of homogeneous polynomial equations. Com- 
pact sub- manifolds of C™ are not very important, since a connected compact sub- 
manifold of C" is a point. 

E4. Let r be the discontinuous group generated by 2m translations of C™, which 
are linearly independent over the reals. The quotient space C™/T is then called the 
complex torus. Moreover, let A be the discontinuous group generated by z*^ 2z'^, 
1 < k < m. The quotient manifold (C™ - {0}) /A is the so-called Hopf manifold, 
and is homeomorphic to x S^"^~^. Last but not least, we consider the group M3 



([16], [17]). 




Various examples can be given as follows [12]. 





(1-2.1) 
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of all matrices 




£^3 = 1 Z3 , (1.2.2) 



and let D be the discrete group consisting of those matrices for which zi,Z2, 23 are 
Gaussian integers. This means that Zk = nik + ink, 1 < ^ < 3, where mk,nk are 
rational integers. An Iwasawa manifold is then defined as the quotient space M3/D. 

E5. Orientable surfaces are particular complex manifolds. The surfaces are taken 
to bo C°° , and wc define on them a positive-definite Riemannian metric. The Korn- 
Lichtenstein theorem ensures that local parameters x, y exist such that the metric 
locally takes the form 

g = \^ (dx ®dx + dy®dy^, A > 0, (1.2.3) 

or 

g = X'^dz(g)d:z, z = x + iy. (1-2.4) 

If w is another local coordinate, wc have 

g = }?dz ® dz = ji^dw (g) dw, (1.2.5) 

since g is globally defined. Hence dw is a multiple of dz or dz. In particular, if the 
complex coordinates z and w define the same orientation, then dw is proportional 
to dz. Thus, w is a holomorphic function of z, and the surface becomes a complex 
manifold. Riemann surfaces are, by definition, one-dimensional complex manifolds. 

Let us denote by V an m-dimensional real vector space. We say that V has 
a complex structure if there exists a linear endomorphism J : V ^ V such that 

= — I, where I is the identity endomorphism. An eigenvalue of J is a complex 
number A such that the equation Jx = Xx has a non- vanishing solution x G V. 
Applying J to both sides of this equation, one finds —x = X^x. Hence A = ±i. 
Since the complex eigenvalues occur in conjugate pairs, V is of even dimension 
n = 2m. Let us now denote by V* the dual space of V, i.e. the space of all real- 
valued linear functions over V. The pairing of V and V* is {x,y*), x G V, y* gV*, 
so that this function is i?-linear in each of the arguments. Following Chern 1979, 
we also consider V* (g) C, i.e. the space of all complex- valued i?-linear functions over 
V . By construction, V* <S) C is an n-complex-dimensional complex vector space. 
Elements / G (g) C are of type (1,0) if f{Jx) = if{x), and of type (0,1) if 
f{Jx) = -if{x), xeV. 

If V has a complex structure J, an Hermitian structure in y is a complex- valued 
function H acting on x,y G V such that 

h(^\iXi + \2X2,y^ = XiH{xi,y) + X2H{x2,y) xi,X2,y€V Xi,X2€R, (1.2.6) 



H{x,y) = H{y,x), 



(1.2.7) 
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H{Jx, y) = iH{x, y) <^ H{x, Jy) = -iH{x, y). 
By using the split of H{x, y) into its real and imaginary parts 

H{x, y) = F{x, y) + iG{x, y), 
conditions (1-2.7) and (1.2.8) may be re-expressed as 

F{x,y)^F{y,x), G{x,y) ^ -G{y,x), 



(1.2.10) 



(1.2.8) 



(1.2.9) 



F{x,y) = G{Jx,y), G{x,y) = -F{Jx,y). 



(1.2.11) 



If is a C°° manifold of dimension n, and if and T* are tangent and 
cotangent spaces respectively at a; S Al, an almost complex structure on is 
a C°° field of endomorphisms ■ ^ such that = — I^, where is 
the identity endomorphism in T^;. A manifold with an almost complex structure 
is called almost complex. If a manifold is almost complex, it is even-dimensional 
and orientable. However, this is only a necessary condition. Examples can be found 
(e.g. the four-sphere 5*) of even- dimensional, orientable manifolds which cannot be 
given an almost complex structure. 

1.3. An outline of this work 

Since this paper is devoted to the geometry of complex space-time in spinor form, 
Sec. 2 presents the basic ideas, methods and results of two-component spinor cal- 
culus. Such a calculus is described in terms of spin-space formalism, i.e. a complex 
vector space endowed with a symplectic form and some fundamental isomorphisms. 
These mathematical properties enable one to raise and lower indices, define the 
conjugation of spinor fields in Lorentzian or Riemannian four-geometries, translate 
tensor fields into spinor fields (or the other way aroimd). The standard two-spinor 
form of the Riomann curvature tensor is then obtained by relying on the (more) 
familiar tensor properties of the curvature. The introductory analysis ends with 
the Pctrov classification of space-times, expressed in terms of the Weyl spinor of 
conformal gravity. 

Since the whole of twistor theory may be viewed as a holomorphic description of 
space-time geometry in a conformally invariant framework, Sec. 3 studies the key 
results of conformal gravity, i.e. C-spaccs, Einstein spaces and complex Einstein 
spaces. Hence a necessary and sufficient condition for a space-time to be conformal 
to a complex Einstein space is obtained, following [37] . Such a condition involves the 
Bach and Eastwood-Dighton spinors, and their occurrence is derived in detail. The 
difference between Lorentzian space-times, Riemannian four-spaces, complexified 
space-times and complex space-times is also analyzed. 

Section 4 is a pedagogical introduction to twistor spaces, from the point of view 
of mathematical physics and relativity theory. This is obtained by defining twistors 
as a-planes in complexified compactified Minkowski space-time, and as a-surfaces 
in curved space-time. In the former case, one deals with totally null two-surfaces. 
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in that the complexified Minkowski metric vanishes on any pair of null tangent 

vectors to the surface. Hence such null tangent vectors have the form X^n^ , where 
A"^ is varying and tt^ is covariantly constant. This definition can be generalized 
to complex or real Riemannian four-manifolds, provided that the Weyl curvature 
is anti-self-dual. An alternative definition of twistors in Minkowski space-time is 
instead based on the vector space of solutions of a differential equation, which 
involves the symmetrized covariant derivative of an unprimed spinor field. Inter- 
estingly, a deep correspondence exists between flat space-time and twistor space. 
Hence complex space-time points correspond to spheres in the so-called projective 
twistor space, and this concept is carefully formulated. Sheaf cohomology is then 
presented as the mathematical tool necessary to describe a conformally invariant 
isomorphism between the complex vector space of holomorphic solutions of the wave 
equation on the forward tube of flat space-time, and the complex vector space of 
complex-analytic functions of three variables. These are arbitrary, in that they are 
not subject to any differential equation. Eventually, Ward's one-to-one correspon- 
dence between complex space-times with non-vanishing cosmological constant, and 
sufficiently small deformations of flat projective twistor space, is presented. 

An example of explicit construction of anti-self-dual space-time is given in Sec. 
5, following [98]. This generalization of Penrose's non-linear graviton ([60], [61]) 
combines two-spinor techniques and twistor theory in a way very instructive for 
beginning graduate students. However, it appears necessary to go beyond anti-self- 
dual space-times, since they are only a particular class of (complex) space-times, 
and they do not enable one to recover the full physical content of (complex) general 
relativity. This implies going beyond the original twistor theory, since the three- 
complex-dimensional space of a-surfaces only exists in anti-self-dual space-times. 
After a brief review of alternative ideas, attention is focused on the recent attempt 
by Roger Penrose to define twistors as charges for massless spin-| fields. Such an 
approach has been considered since a vanishing Ricci tensor provides the consistency 
condition for the existence and propagation of massless helicity-| fields in curved 
space-time. Moreover, in Minkowski space-time the space of charges for such fields 
is naturally identified with the corresponding twistor space. The resulting geometric 
scheme in the presence of curvature is as follows. First, define a twistor for Ricci-flat 
space-time. Second, characterize the resulting twistor space. Third, reconstruct the 
original Ricci-flat space-time from such a twistor space. One of the main technical 
difficulties of the program proposed by Penrose is to obtain a global description of 
the space of potentials for massless spin-| fields. The corresponding local theory is 
instead used, for other purposes, in [18]. 

Last, Sec. 6 reviews the Plebanski contributions to complex general relativity, 
i.e. heaven spaces and heavenly equations, while concluding remarks are presented 
in Sec. 7. 
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2. Two- Component Spinor Calculus 

Spinor calculus is presented by relying on spin-space formalism. Given the existence 

of unprimcd and primed spin-space, one has the isomorphism between such vector 
spaces and their duals, realized by a symplectic form. Moreover, for Lorentzian met- 
rics, complex conjugation is the (anti-)isomorphism between unprimed and primed 
spin-space. Finally, for any space-time point, its tangent space is isomorphic to the 
tensor product of unprimed and primed spin-spaces via the Infcld van der Waer- 
den symbols. Hence the correspondence between tensor fields and spinor fields. 
Euclidean conjugation in Riemannian geometries is also discussed in detail. The 
Maxwell field strength is written in this language, and many useful identities are 
given. The curvature spinors of general relativity are then constructed explicitly, 
and the Petrov classification of space-times is obtained in terms of the Weyl spinor 
for conformal gravity. 

2.1. Spin- spaces 

Two-component spinor calculus is a powerful tool for studying classical field theories 
in four-dimensional space-time models. Within this framework, the basic object is 
spin-space, a two-dimensional complex vector space S with a symplectic form e, i.e. 
an antisymmetric complex bilinear form. Unprimed spinor indices A, B, ... take the 
values 0, 1 whereas primed spinor indices A' , B' , ... take the values 0', 1' since there 
are actually two such spaces: unprimed spin-space {S, s) and primed spin-space 
(S",e'). The whole two-spinor calculus in Lorentzian four-manifolds relies on three 
fundamental properties ([96], [86], [54], [67], [16], [17]): 



(i) The isomorphism between \^S, eabJ and its dual . This is provided 

by the symplectic form e, which raises and lowers indices according to the rules 





(2.1.1) 



£ba = i^a e S*. 



(2.1.2) 



Thus, since 




(2.1.3) 




which implies 



(2.1.4) 



(2.1.5) 



where 




(2.1.6) 



February 1, 2008 20:37 WSPC/INSTRUCTION FILE esposito 



10 Giampiero Esposito 

(ii) The (anti-)isoinorphisin between ^S,eAB^ and ^S",£a'B'^, called complex 
conjugation, and denoted by an overbar. According to a standard convention, one 
has 

^ = lp'^' e S', (2.1.7) 
^ = V^'^ e S. (2.1.8) 

Thus, complex conjugation maps elements of a spin-space to elements of the com- 
plementary spin-space. Hence some authors say it is an anti-isomorphism. In com- 
ponents, if w"^ is thought as w"^ ~ (^^^ ' action of (2.1.7) leads to 

^^W^'^(J^, (2.1.9) 
whereas, if ~ (^^) ' (2.1.8) leads to 

^=z-^=f|V (2.1.10) 



With our notation, a denotes complex conjugation of the function a, and so on. Note 
that the symplectic structure is preserved by complex conjugation, since ea'B' = 

(iii) The isomorphism between the tangent space T at a point of space-time and 
the tensor product of the unprimed spin-space (^S, sab^ and the primed spin-space 

(s',eA'B'): 

T^(^S,SAB)<S)[s',eA'B')- (2.1.11) 

The Infeld-van der Waerden symbols cr"^^, and cTa^"^ express this isomorphism, 
and the correspondence between a vector and a spinor v^^ is given by 

v^^' = ct/^', (2.1.12) 

v'^^v^^' a\^,. (2.1.13) 
These mixed spinor-tensor symbols obey the identities 

^/^'=^a^^', (2.1.14) 

^a^^' <^\a'=S,\ (2.1.15) 

^a^^'^"BB'=£/eB'^', (2.1.16) 

„ AA' ^ B' _ * ^ „cAA' d B' /'oil 7\ 

% ^6]A ---^^"bcdO- cr ^ . (2.1.17) 
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Similarly, a one-form uia has a spinor equivalent 

WAA' = a"^^,, (2.1.18) 
whereas the spinor equivalent of the metric is 

Vab Cr^AA' (^^BB' = ^AB SA'B'- (2.1.19) 

In particular, in Minkowski space-time, the above equations enable one to write 
down a coordinate system in 2 x 2 matrix form 

More precisely, in a (curved) space-time, one should write the following equation 
to obtain the spinor equivalent of a vector: 

where is a standard notation for the tetrad, and e^ag = is called the 
soldering form. This is, by construction, a spinor-valued one-form, which encodes 
the relevant information about the metric g, because gab = ^a^bVcd'> ^ being the 
Minkowskian metric of the so-called "internal space" . 

In the Lorentzian-signature case, the Maxwell two-form F = Fabdx" A dx^ can 
be written spinorially [103] as 

FaA'BB' = -^(J^AA'BB' — FbB'AA'^ = ^AB SA'B' + VA'B' SAB, (2.1.21) 

where 

<fiAB = -^Fac'b^ = ^(AB), (2.1.22) 

ifA'B' = ■^FcB''^A> = V>{A'B')- (2.1.23) 

These formulae are obtained by applying the identity 

Tab - Tba = sab (2.1.24) 

to express ^^Faa'bb'—Fab'ba'^ and ^(j^ab'ba'—Fbb'AA'^- Note also that round 
brackets {AB) denote (as usual) symmetrization over the spinor indices A and B, 
and that the antisymmetric part of ipAB vanishes by virtue of the antisymmetry of 
Fab, since [103] ip[AB] = j£ab Fcc^'" ~ \^ab ff^ F^d = 0. Last but not least, in 
the Lorentzian case 

¥ab ='^A'B> = 'PA'B'- (2.1.25) 

The symmetric spinor fields ipAB and (fiA'B' are the anti-self-dual and self-dual 
parts of the curvature two-form, respectively. 
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Similarly, the Weyl curvature C°'hcd^ P^'^* °f Riemann curvature ten- 

sor invariant under conformal rcscalings of the metric, may be expressed spinorially, 
omitting soldering forms for simplicity of notation, as 

Cabcd = ij^ABCD SA'B' £C'D' + ^A'B'C'D' ^ AB £CD- (2.1.26) 

In Hamiltonian gravity, two-component spinors lead to a considerable simplifi- 
cation of calculations. On denoting by n'^ the future-pointing unit timelike normal 
to a spacelike three-surface, its spinor version obeys the relations 

riAA' e^^; = 0, (2.1.27) 

riAA' = 1, (2.1.28) 

where e/^'^^ ^ '^J^^ is the two-spinor version of the tetrad, i.e. the soldering 
form introduced before. Denoting by h the induced metric on the three-surface, 
other useful relations are [17] 

= -BAA'i e^^], (2.1.29) 
e^^o = N n^^' + e^^- , (2.1.30) 

UAA' -nP^' = ^e/, (2.1.31) 
UAA' n^^' = \eA?\ (2.1.32) 

f^lEB' nA]A' = ^^EA £B'A', (2.1.33) 

BAA'j e^^fc = -^hjk SaP' - isjkiy/dethnAA' e^^''. (2.1.34) 

In Eq. (2.1.30), A'' and A/'' are the lapse and shift functions respectively [17]. 

To obtain the space-time curvature, we first need to define the spinor covariant 
derivative Vaa'- If 4' are spinor fields, Vaa' is a map such that ([67], [88]) 

(1) VAA'id + </>) = Vaa'G + Vaa'(P (i.e. linearity). 

(2) Vaa'{OiP) =(yAA'0^^ + 0(yAA'ip^ (i.e. Leibniz rule). 

(3) ijj = V^A'^ implies ijj = Vaa'S (i.e. reality condition). 

(4) V^A'Csc = ^AA'£^'~^ = 0, i.e. the symplectic form may be used to raise or 
lower indices within spinor expressions acted upon by Vaa' , in addition to the usual 
metricity condition Vg = 0, which involves instead the product of two £-symbols. 



(5) Vaa' commutes with any index substitution not involving A, A'. 
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(6) For any function /, one finds ^Va Vb — V^Va^ / = 25^^^ Vc/, where S^^^ is the 
torsion tensor. 

(7) For any derivation D acting on spinor fields, a spinor field ^"^^ exists such that 

As proved in [67], such a spinor covariant derivative exists and is unique. 

If Lorentzian spaco-time is replaced by a complex or real Riemannian four- 
manifold, an important modification should be made, since the (anti-) isomorphism 
between unprimed and primed spin-space no longer exists. This means that primed 
spinors can no longer be regarded as complex conjugates of unprimed spinors, or 
viccvcrsa, as in (2.1.7) and (2.1.8). In particular, Eqs. (2.1.21) and (2.1.26) should 
be re-written as 

Faa'bb' = Vab sa'B' + Va'B' Sab, (2.1.35) 

Cabcd = ^ABCD £A'B' £C'D' + i'A'B'C'D' £AB £CD- (2.1.36) 

With our notation, tpAB, 'PA' b' , as well as iPabcd,'>Pa'B'C'D' are completely inde- 
pendent symmetric spinor fields, not related by any conjugation. 

Indeed, a conjugation can still be defined in the real Riemannian case, but it 
no longer relates {^S, eab^ to ^S", sa'B'^ • It is instead an anti-involutory operation 
which maps elements of a spin-space (cither unprimed or primed) to elements of the 
same spin-space. By anti-involutory we mean that, when applied twice to a spinor 
with an odd number of indices, it yields the same spinor with the opposite sign, 
i.e. its square is minus the identity, whereas the square of complex conjugation as 
defined in (2.1.9) and (2.1.10) equals the identity. Following [107] and [17], Euclidean 
conjugation, denoted by a dagger, is defined by 

(-'■)'-(,')- ("-38) 

This means that, in flat Euclidean four-space, a unit 2x2 matrix 5ba' exists such 
that 

(w^^^ = e^"" 5ba' w^' . (2.1.39) 

We are here using the freedom to regard either as an SL{2, C) spinor for which 
complex conjugation can be defined, or as an SU{2) spinor for which Euclidean 
conjugation is instead available. The soldering forms for SU{2) spinors only involve 
spinor indices of the same spin-space, i.e. and e^^ ^ . More precisely, denoting 
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by El a real triad, where i = 1,2,3, and by r"^^ the three Pauh matrices, the 
SU{2) soldering forms are defined by 

^/^-A=Eir\^. (2.1.40) 

The soldering form in (2.1.40) provides an isomorphism between the three-real- 
dimensional tangent space at each point of S, and the three-real-dimensional vector 
space of 2 X 2 trace-free Hermitian matrices. The Riemannian three-metric on S is 
then given by 

/i« = -P/5'^^. (2.1.41) 



2.2. Curvature in general relativity 

At this stage, following [67], we want to derive the spinorial form of the Riemann 
curvature tensor in a Lorentzian space-time with vanishing torsion, starting from 
the well-known symmetries of Riemann. In agreement with the abstract-index trans- 
lation of tensors into spinors, soldering forms will be omitted in the resulting equa- 
tions. 

Since Rabcd = —Rbacd we may write 

Rabcd = RaA'BB'CC'DD' = ^^AF'B^ cd ^A'B' + ^-^FA'^B'cd ^AB- (2-2.1) 

Moreover, on defining 

XabCD = -^R-AF'B^ CL'D ^ > (2.2.2) 
^ABC'D' = -^RaF'B^ LC'^D'^ (2.2.3) 

the anti-symmetry in cd leads to 

Rabcd = XabCD SA'B' SC'D' + ^ABC'D' SA'B' SCD 

+ ^A'B'CD SAB £C'D' + Xa'B'C'D' S AB £CD- (2.2.4) 

According to a standard terminology, the spinors (2.2.2) and (2.2.3) are called the 
curvature spinors. In the light of the (anti-)symmetries of Rabcd^ they have the 
following properties: 

Xabcd = X(^ab){cd), (2.2.5) 

^ABC'D' = ^{AB)(C'D'), (2.2.6) 
XabCD = XcDAB, (2.2.7) 



^ABC'D' — ^ABC'D' 



(2.2.8) 
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Remarkably, Eqs. (2.2.6) and (2.2.8) imply that ^aa'bb' corresponds to a trace-free 
and real tensor: 

= 0, ^AA'BB' = Kb = 5a6. (2.2.9) 

Moreover, from Eqs. (2.2.5) and (2.2.7) one obtains 

^AiBcf = 0- (2.2.10) 
Three duals of Rabcd exist which are very useful and are defined as follows: 

^*abcd = 2^cd'"^ Rabpq = i RaA'BB'CD'DC , (2.2.11) 
* Rabcd = 2^ab"'' ^pqcd = i RaB'BA'CC'DD' , (2.2.12) 



*^*abcd = ~A^ab'^ ^cd^^ Rpqrs — -RaB' BA'CD' DC ■ (2.2.13) 



1 

4 

For example, in terms of the dual (2.2.11), the familiar equation Ra[bcd] = reads 

R\b'' = 0. (2.2.14) 

Thus, to derive the spinor form of the cyclic identity, one can apply (2.2.14) to the 
equation 

R*abcd = ~* XaBCD £A'B' SC'D' + i ^ABC'D' SA'B' SCD 

^A'B'CD SAB £C'D' + i Xa'B'C'D' £ab SCD- (2.2.15) 

By virtue of (2.2.6) and (2.2.8) one thus finds 

^AB^c ^A'C = X^fgf Q, sac, (2.2.16) 
which implies, on defining 

A^lxV"", (2.2.17) 

the reality condition 

A = A. (2.2.18) 

Equation (2.2.1) enables one to express the Ricci tensor Rab = Racb spinor 
form as 

Rab = 6A EAB £A'B' - 2^ABA'B'- (2.2.19) 

Thus, the resulting scalar curvature, trace-free part of Ricci and Einstein tensor are 

R = 24A, (2.2.20) 

Rab - \r 9ab = -2$a5 = -2$ASA'B', (2.2.21) 
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Gab = Rab - l^R gab = -6A e AB SA'B' - 2<^>ABA'B', (2.2.22) 

respectively. 

We have still to obtain a more suitable form of the Riemann curvature. For this 
purpose, following again [67], we point out that the curvature spinor Xabcd can 
be written as 

Xabcd = ^ (^Xabcd + Xacdb + Xadbc^ + ^ (^Xabcd — Xacbd^ 

+ g (^Xabcd - Xadcb^ = X(^abcd) + '^^bc Xaf^d + Xj^pQ^. (2.2.23) 

Since Xj^pJ" = 3A eaf, Eq. (2.2.23) leads to 

Xabcd = tpABCo + A^sac sbd + sad esc) , (2.2.24) 

where iPabcd is the Wcyl spinor. 

Since A = A from (2.2.18), the insertion of (2.2.24) into (2.2.4), jointly with the 
identity 

£a'B' £c'D' + sa'D' sb'C - £a'C' £b'D' = 0, (2.2.25) 
yields the desired decomposition of the Riemann curvature as 

Rabcd = i^ABCD ^A'B' SC'D' + i^A'B'C'D' ^AB £CD 
+ '^ABC'D' SA'B' £CD + ^A'B'CD SAB SC'D' 

+2A^e^C' sbd sa'c sb'd' — sad sbc sa'd' £b'C')- (2.2.26) 

With this standard notation, the conformally invariant part of the curvature takes 
the form Cabcd = '^'^Cabcd + ^"'"^C'abcd, where 

^~^Gabcd = i>ABCD SA'B' SC'D', (2.2.27) 
'^'^^Cabcd = 4>A'B'C'D' SAB SCD, (2.2.28) 

are the anti-self-dual and self-dual Weyl tensors, respectively. 
2.3. Petrov classification 

Since the Weyl spinor is totally symmetric, wc may use a well known result of 
two-spinor calculus, according to which, if flAB...L is totally symmetric, then there 
exist univalent spinors ua, (3b, ■■■,'yL such that [88] 



^AB...L = a(A Pb—Jl), 



(2.3.1) 
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where a, ...,7 are called the principal spinors of O, and the corresponding real null 
vectors arc called the principal null directions of O. In the case of the Weyl spinor, 
such a theorem implies that 

tpABCD = a(^A Pb ic Sd)- (2.3.2) 
The corresponding space-times can be classified as follows [88] . 

(1) Type I. Four distinct principal null directions. Hence the name algebraically 
general. 

(2) Type II. Two directions coincide. Hence the name algebraically special. 

(3) Type D. Two different pairs of repeated principal null directions exist. 

(4) Type III. Three principal null directions coincide. 

(5) Type N. All four principal null directions coincide. 

Such a classification is the Petrov classification, and it provides a relevant example 
of the superiority of the two-spinor formalism in four space-time dimensions, since 
the alternative ways to obtain it arc far more complicated. 

Within this framework (as well as in Sec. 3) we need to know that ipABCD has 
two scalar invariants; 

/ = .Pabcd V""", (2.3.3) 

J ^ Vab'''' ^cd^ i^EF^""- (2.3.4) 

Type-II space-times are such that I^ ~ 6 J^, while in type-Ill space-times / = J = 0. 
Moreover, type-D space-times are characterized by the condition 

^PQKA ^b/'^ ^%ef) = 0, (2.3.5) 
while in type-N space-times 

^(ab'^^ 4>cd)ef = 0. (2.3.6) 

These results, despite their simplicity, are not well known to many physicists and 
mathematicians. Hence they have been included also in this paper, to prepare the 
ground for the more advanced topics of the following sections. 

3. Conformal Gravity 

Since twistor theory enables one to reconstruct the space-time geometry from 
conformally invariant geometric objects, it is important to know the basic tools 
for studying conformal gravity within the framework of general relativity. This is 
achieved by defining and using the Bach [6] and Eastwood-Dighton tensors, here 
presented in two-spinor form (relying on previous work by Kozameh, Newman and 
Tod [37]). After defining C-spaces and Einstein spaces, it is shown that a space-time 
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is conformal to an Einstein space if and only if some equations involving the Weyl 

spinor, its covariant derivatives, and the trace-free part of Ricci arc satisfied. Such 
a result is then extended to complex Einstein spaces. The conformal structure of 
infinity of Minkowski space-time is eventually introduced. 



3.1. C-spaces 

Twistor theory may be viewed as the attempt to describe fundamental physics in 

terms of conformally invariant geometric objects within a holomorphic framework. 
Space-time points are no longer of primary importance, since they only appear as 
derived concepts in such a scheme. To understand the following sections, almost 
entirely devoted to twistor theory and its applications, it is therefore necessary to 
study the main results of the theory of conformal gravity. They can be understood 
by focusing on C-spaces, Einstein spaces, complex space-times and complex Einstein 
spaces, as we do from now on in this section. 

To study C-spaces in a self-consistent way, we begin by recalling some basic 
properties of conformal rescalings. By definition, a conformal resettling of the space- 
time metric g yields the metric g as 

dab = e^'^ gab; (3.1.1) 

where w is a smooth scalar. Correspondingly, any tensor field T of type (r, s) is 
conformally weighted if 



(3.1.2) 



for some integer k. In particular, conformal invariance of T is achieved if fc = 0. 

It is useful to know the transformation rules for covariant derivatives and Rie- 
mann curvature under the rescaling (3.1.1). For this purpose, defining 

(, = 2^™ VftW - gab 5"" V„w, (3.1.3) 

one finds 

Va Vfc = Va 14 - K., (3.1.4) 

where Va denotes covariant differentiation with respect to the metric 'g. Hence the 
Weyl tensor C^^^'', the Ricci tensor Rab = Rcab ^'^'^ Ricci scalar transform as 

^abc"^ = ^abc'^^ (3.1.5) 
Rab = Rab + 2'Va(^b - "^OJaOJb + Qab (^UJ^UJc + V'uJ^ , (3.1.6) 

E = e-^'^ R + Qiy^tJc + oj^iJ^ . (3.1.7) 



With our notation, ujr = W M = u) c- 
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We are here interested in space-times which are conformal to C-spaces. The 
latter are a class of space-times such that 

Cabcf = 0. (3.1.8) 

By virtue of (3.1.3) and (3.1.4) one can see that the conformal transform of Eq. 
(3.1.8) is 

Cabcf +U;f' Cabcf =0- (3.1.9) 

This is the necessary and sufficient condition for a space-time to be conformal to a 
C-space. Its two-spinor form is 

V^^'V^FBCD + UJ^^'i'FBCD = 0. (3.1.10) 

However, note that only a real solution lo^^ of Eq. (3.1.10) satisfies Eq. (3.1.9). 
Hence, whenever we use Eq. (3.1.10), we are also imposing a reality condition [37]. 

On using the invariants defined in (2.3.3) and (2.3.4), one finds the useful iden- 
tities 

^I^ABCD^I^^''^'' = llSjf, (3.1.11) 

i^ABCD V% r'^^'' = \j Sjf- (3.1.12) 

The idea is now to act with ■0'4Bcr> ^j^g left-hand side of (3.1.10) and then use 
(3.1.11) when 1^0. This leads to 

By contrast, when / = but J ^ 0, we multiply twice Eq. (3.1.10) by the Weyl 
spinor and use (3.1.12). Hence one finds 

, — ^ r,l,CD i,EFGA TjBA' j, t i A\ 

(J = -— ip EF V> V tpBCDG- (3.1.14) 

Thus, by virtue of (3.1.13), the reality condition u)^^ = uj^^' = TD^^ implies 

7 V^^^^ V^-^' ^PBCD I V-^^' l,p,n'C'D' = 0- (3.1.15) 

We have thus shown that a space-time is conformally related to a C-space if and 
only if Eq. (3.1.10) holds for some vector w^^' = K^^\ and Eq. (3.1.15) holds as 
well. 

3.2. 3.2 Einstein spaces 

By definition, Einstein spaces are such that their Ricci tensor is proportional to the 
metric: Rab = A gab- A space-time is conformal to an Einstein space if and only if 
a function co exists (see (3.1.1)) such that (cf. (3.1.6)) 

Rab + 2VaW6 - 2a;aW6 - ^Tgab = 0, (3.2.1) 
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where 

T = R + 2^100 - Iw^Wc. (3.2.2) 

Of course, Eq. (3.2.1) leads to restrictions on the metric. These are obtained by 
deriving the corresponding integrability conditions. For this purpose, on taking the 
curl of Eq. (3.2.1) and using the Bianchi identities, one finds 

Cabcf + OJ^ Cabcf = 0, 

which coincides with Eq. (3.1.9). Moreover, acting with V° on Eq. (3.1.9), applying 
the Leibniz rule, and using again (3.1.9) to re-express V-^ Cabcf as —uj^ Cabcf, one 
obtains 



We now re-express V"a;" from (3.2.1) as 



Ca 



bed 



0. 



8 2 



Hence Eqs. (3.2.3) and (3.2.4) lead to 

yayd 



2^ 



Ca 



bed 



0. 



(3.2.3) 



(3.2.4) 



(3.2.5) 



(3.2.6) 



This calculation only proves that the vanishing of the Bach tensor, defined as 

Bbc = ^"'^^Cabcd - -R"'^ Cabcd, 

is a necessary condition for a space-time to be conformal to an Einstein space 
(jointly with Eq. (3.1.9)). To prove sufficiency of the condition, we first need the 
following Lemma [37]: 

Lemma 3.2.1 Let i?"*" be a trace-free symmetric tensor. Then, providing the scalar 
invariant J defined in (2.3.4) does not vanish, the only solution of the equations 

Cabcd H''" = 0, (3.2.7) 
0, (3.2.8) 



C* Trad 
abed 



is H'^'^ = 0. As shown in Kozamch et al. (1985), such a Lemma is best proved by 
using two-spinor methods. Hence Hab corresponds to the spinor field 

HaA'BB' = 4>ABA'B' = (3.2.9) 

and Eqs. (3.2.7) and (3.2.8) imply that 

0. (3.2.10) 



IpABCD (t>'^^A'B' 



Note that the extra primed spinor indices A'B' are irrelevant. Hence we can focus 
on the simpler eigenvalue equation 



tpABCD 



CD 



A (fiAB- 



(3.2.11) 
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The corresponding characteristic equation for A is 

-A''' + i/A + det(V') = 0, (3.2.12) 

by virtue of (2.3.3). Moreover, the Cayley-Hamilton theorem enables one to re- write 
Eq. (3.2.12) as 

V'^/'^ V-PQ^^ ^RS^"" = \l ^ab'''' + det(V)5(/ , (3.2.13) 
and contraction of AB with CD yields 

det(V') = \j. (3.2.14) 

Thus, the only solution of Eq. (3.2.10) is the trivial one unless J = [37]. 

Wc arc now in a position to prove sufficiency of the conditions (cf. Eqs. (3.1.9) 
and (3.2.5)) 

V/C„6c/+i^^C„6c/=0, (3.2.15) 

= 0. (3.2.16) 

Indeed, Eq. (3.2.15) ensures that (3.1.9) is satisfied with ujf = V/w for some to. 
Hence Eq. (3.2.3) holds. If one now subtracts Eq. (3.2.3) firom Eq. (3.2.16) one finds 

Cabcd {b!"^ + 2V"a;'' - 2w"a;''^ = 0. (3.2.17) 

This is indeed Eq. (3.2.7) of Lemma 3.2.1. To obtain Eq. (3.2.8), we act with V 
on the dual of Eq. (3.1.9). This leads to 

V V''C7*„,,,+ [v'^uj'^ - a;«a;'') C\,,, = 0. (3.2.18) 

FoUowing [37] , the gradient of the contracted Bianchi identity and Ricci identity is 
then used to derive the additional equation 

V'V^C*,,,, - ii?-^ C\,,^ = 0. (3.2.19) 

Subtraction of Eq. (3.2.19) from Eq. (3.2.18) now yields 

C\bcd (li'"' + 2 Vw'' - 2w''wA = 0, (3.2.20) 



which is the desired form of Eq. (3.2.8). 

We have thus completed the proof that (3.2.15) and (3.2.16) are necessary and 
sufficient conditions for a space-time to be conformal to an Einstein space. In two- 
spinor language, when Einstein's equations are imposed, after a conformal rescaling 
the equation for the trace-free part of Ricci becomes (see Sec. 2.2) 

^ABA'B' — ^BB'IjJAA' — BA"JJAB' + ^AA' IjJBB' + ijJAB' ijJBA' = 0. (3.2.21) 
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Similarly to the tensorial analysis performed so far, the spinorial analysis shows 
that the integrability condition for Eq. (3.2.21) is 

V^^'^ABCD + W^^' i>ABCD = 0. (3.2.22) 

The fundamental theorem of conformal gravity states therefore that a space-time 
is conformal to an Einstein space if and only if [37] 

V^^Vabcb + fc^''' i^ABCD = 0, (3.2.23) 

7 ^^^^^ V^^' ^FBCD - I V^^'^'^'^' V^^' i^F,B'C'D' = 0, (3.2.24) 
BafA'F' = 2 (^V^^, V^p, ^AFCD + ^"^^A'F' i'AFCI^ = 0. (3.2.25) 

Note that reality of Eq. (3.2.25) for the Bach spinor is ensured by the Bianchi 
identities. 

3.3. Complex space-times 

Since this paper is devoted to complex general relativity and its applications, it is 
necessary to extend the theorem expressed by (3.2.23)-(3.2.25) to complex space- 
times. For this purpose, we find it appropriate to define and discuss such spaces in 
more detail in this section. In this respect, we should say that four distinct geometric 
objects are necessary to study real general relativity and complex general relativity, 
here defined in four-dimensions ([68], [17]). 

(1) Lorentzian space-time (M, ql)- This is a Hausdorff four-manifold M jointly with 

a symmetric, non-degenerate bilinear form to each tangent space with signature 
(+,—,—,—) (or (—,-|-, +,-!-)). The latter is then called a Lorentzian four-metric ql- 

(2) Riemannian four-space {M^gji), where gn is a smooth and positive-definite 
section of the bundle of symmetric bilinear two-forms on M . Hence gu has signature 
(+,+,+,+). 

(3) Complexified space-time. This manifold originates from a real-analytic space- 
time with real-analytic coordinates and real-analytic Lorentzian metric fifz, by 
allowing the coordinates to become complex, and by an holomorphic extension of 
the metric coefficients into the complex domain. In such manifolds the operation 
of complex conjugation, taking any point with complexified coordinates z"" into the 
point with coordinates z", still exists. Note that, however, it is not possible to define 
reality of tensors at complex points, since the conjugate tensor lies at the complex 
conjugate point, rather than at the original point. 

(4) Complex space-time. This is a four- complex- dimensional complex-Riemannian 
manifold, and no four-real-dimensional subspace has been singled out to give it a 
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reality structure [68]. In complex space-times no complex conjugation exists, since 
such a map is not invariant under holomorphic coordinate transformations. 

Thus, the complex-conjugate spinors A"^ -*^ and A"^ of a Lorentzian space-time 
are replaced by independent spinors X^- -^ and A"^ . This means that unprimed 
and primed spin-spaces become unrelated to one another. Moreover, the complex 
scalars </> and (j) are replaced by the pair of independent complex scalars (j) and (j). 
On the other hand, quantities X that are originally real yield no new quantities, 
since the reality condition X = X becomes X = X. For example, the covariant 
derivative operator Va of Lorentzian space-time yields no new operator Va, since it 
is originally real. One should instead regard Va as a complex-holomorphic operator. 
The spinors iPabcd, ^abc'D' and the scalar A appearing in the Riemann curvature 
(sec (2.2.26)) have as counterparts the spinors iI'a'B'C'D',^abc'D' and the scalar 
A. However, by virtue of the original reality conditions in Lorentzian space-time, 
one has [68] 

^ABC'D' = ^ABC'D', (3.3.1) 

A = A, (3.3.2) 

while the Weyl spinors 4'abcd and ipA'B'C'v remain independent of each other. 
Hence one Weyl spinor may vanish without the other Weyl spinor having to vanish 
as well. Correspondingly, a complex space-time such that Va'b'cc = is called 
right conformally flat or conformally anti-solf-dual, whereas if 4'abc d = 0, one deals 
with a left conformally flat or conformally self-dual complex space-time. Moreover, 
if the remaining part of the Riemann curvature vanishes as well, i.e. ^abc d' = 
and A = 0, the word conformally should be omitted in the terminology described 
above (cf. Sec. 4). Interestingly, in a complex space-time the principal null directions 
(cf. Sec. 2.3) of the Weyl spinors tpABCD and ipA'B'C'D' are independent of each 
other, and one has two independent classification schemes at each point. 

3.4. Complex Einstein spaces 

In the light of the previous discussion, the fundamental theorem of conformal gravity 
in complex space-times can be stated as follows [4]. 

Theorem 3.4.1 A complex space-time is conformal to a complex Einstein space if 
and only if 

V^^' iPaBCD + fc^""' ^ABCD = 0, (3.4.1) 

T „i.ABCD ■t-tFA'i, t JA'B'C'D' -r-jAF' Z n /'Q /i o^ 

1 i> V IpFBCD - I ip V IpF'B'C'D' = 0, (3.4.2) 

BaFA'F' = 2 ( V^^, V'^p, ^AFCD + ^^^A'F' ^afcd] = 0, (3.4.3) 
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where / is the complex scalar invariant defined in (2.3.3), whereas / is the indepen- 
dent invariant defined as 

/^V^A'B'C'z?' V^^'^'^'"''. (3.4.4) 

The left-hand side of Eq. (3.4.2) is called the Eastwood-Dighton spinor, and the 
left-hand side of Eq. (3.4.3) is the Bach spinor. 



3.5. Conformal infinity 

To complete our introduction to conformal gravity, we find it helpful for the reader 
to outline the construction of conformal infinity for Minkowski space-time. Starting 
from polar local coordinates in Minkowski, we first introduce (in c = 1 units) the 
retarded coordinate w = t — r and the advanced coordinate v = t + r. To eliminate 
the resulting cross term in the local form of the metric, new coordinates p and q 
are defined implicitly as [17] 

tanp = V, tanq = w, p — q > 0. (3.5.1) 

Hence one finds that a conformal- rescaling factor u = (cos p) (cos q) exists such that, 
locally, the metric of Minkowski space-time can be written as to~'^g, where 

1 



-dt' <Si dt'+ 



dr' (E) dr' + ^{sm{2r')f ^2 



(3.5.2) 



where t' = ^^^^^ , r' = and O2 is the metric on a unit two-sphere. Although 

(3.5.2) is locally identical to the metric of the Einstein static universe, it is necessary 
to go beyond a local analysis. This may be achieved by analytic extension to the 
whole of the Einstein static universe. The original Minkowski space-time is then 
found to be conformal to the following region of the Einstein static universe: 

{t' + r') e] - TT, 7r[, {t' - r') e] - tt, 7r[, r' > 0. (3.5.3) 

By definition, the boundary of the region in (3.5.3) represents the conformal struc- 
ture of infinity of Minkowski space-time. It consists of two null surfaces and three 
points, i.e. [17] 

(i) The null surface SCRI~ = {t' — r' = q = — f }, i.e. the future light cone of the 
point r' = 0,t' = -f . 

(ii) The null surface SCRI'*' = {t' -\- r' = p = ^} , i.e. the past light cone of the 
point r' = 0,t' = f . 

(iii) Past timelike infinity, i.e. the point 

.--{r' = 0,i' = -^}^p = « = -|. 



(iv) Future timelike infinity, defined as 
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(v) Spacelike infinity, i.e. the point 

The extension of the SCRI formalism to curved space-times is an open research 
problem, but we limit ourselves to the previous definitions in this section. 



4. Twistor Spaces 

In twistor theory, a-plancs arc the building blocks of classical field theory in com- 
plexified compactified Minkowski space-time. The a-planes are totally null two- 
surfaces S in that, if p is any point on S, and if v and w are any two null tan- 
gent vectors at p e 5*, the complexified Minkowski metric rj satisfies the iden- 
tity r](v,w) = Vaw"" = 0. By definition, their null tangent vectors have the two- 
component spinor form X^ir^ , where A'^ is varying and "k^ is fixed. Therefore, 
the induced metric vanishes identically since r]{v,w) =(^X'^tt^'^ (^iiat^A'^ = = 

TTA' ■ One thus obtains a conformally invariant characteriza- 
tion of flat space-times. This definition can be generalized to complex or real Rie- 

mannian space-times with non-vanishing curvature, provided the Weyl curvature 
is anti-self-dual. One then finds that the curved metric g is such that g{v, w) = 
on S, and the spinor field tta' is covariantly constant on S. The corresponding 
holomorphic two-surfaces are called Q-surfaces, and they form a three-complex- 
dimensional family. Twistor space is the space of all a-surfaces, and depends only 
on the conformal structure of complex space-time. 

Projective twistor space PT is isomorphic to complex projective space CP^. 
The correspondence between flat space-time and twistor space shows that complex 
a-planes correspond to points in PT, and real null geodesies to points in PN, i.e. 
the space of null twistors. Moreover, a complex space-time point corresponds to 
a sphere in PT, and a real space-time point to a sphere in PA''. Remarkably, the 
points X and y are null-separated if and only if the corresponding spheres in PT 
intersect. This is the twistor description of the light-cone structure of Minkowski 
space-time. 

A conformally invariant isomorphism exists between the complex vector space 
of holomorphic solutions of Q ^ = on the forward tube of flat space-time, and 
the complex vector space of arbitrary complex-analytic functions of three variables, 
not subject to any differential equation. Moreover, when curvature is non- vanishing, 
there is a one-to-one correspondence between complex space-times with anti-sclf- 
dual Weyl curvature and scalar curvature R = 24 A, and sufficiently small deforma- 
tions of flat projective twistor space PT which preserve a one-form r homogeneous 
of degree 2 and a three-form p homogeneous of degree 4, with t Adr = 2Ap. Thus, 
to solve the anti-self-dual Einstein equations, one has to study a geometric problem, 
i.e. finding the holomorphic curves in deformed projective twistor space. 
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4.1. a-planes in Minkowski space-time 

The a-planes provide a geometric definition of twistors in Minkowski space-time. 

For this purpose, we first complexify fiat space-time, so that real coordinates 
x^,x^,x^^ are replaced by complex coordinates ^z", z^, z^, z^^ , and we obtain 
a four-dimensional complex vector space equipped with a non-degenerate complex- 
bilinear form [103] 

{z, w) = zV - z^w^ - z^w^ - z^w^. (4.1.1) 

The resulting matrix z-^"^' , which, by construction, corresponds to the position 
vector z"" , is no longer Hermitian as in the real case. Moreover, we 

compactify such a space by identifying future null infinity with past null infinity 
([58], [68], [17]). The resulting manifold is here denoted by CM*, following [68]. 

In CM* with metric r], we consider two-surfaces S whose tangent vectors have 
the two-component spinor form 

t;« = A^7r^', (4.1.2) 

where A"* is varying and ir^ is fixed. This implies that these tangent vectors are null, 
since ri{v,v) = Vav"" =^X^Xa^ (tt^ tta'^ = 0. Moreover, the induced metric on S 

vanishes identically since any two null tangent vectors v"" = A^tt^ and w"" = fi^ir^ 
at p e S" are orthogonal: 

'n{v,w) =(a>a) (tt^'tta') = 0, (4.1.3) 

where we have used the property tt^ tta' = ^ tta'TTb' = 0. By virtue of (4.1.3), 
the resulting a-plane is said to be totally null. A twistor is then an a-plane with 
constant tta' associated to it. Note that two disjoint families of totally null two- 
surfaces exist in CM*, since one might choose null tangent vectors of the form 

M° = i/^7r^', (4.1.4) 

where v"^ is fixed and tt"^' is varying. The resulting two-surfaces are called /3-planes 
[69]. 

Theoretical physicists are sometimes more familiar with a definition involving 
the vector space of solutions of the diff'erential equation 

V^i^uj'^^ = 0, (4.1.5) 

where V is the flat connection, and Vaa' the corresponding spinor covariant deriva- 
tive. The general solution of Eq. (4.1.5) in CM* takes the form ([68], [17]) 



CO 



.A _ I .o\^ „• „AA' 



ia;^^7r^,, (4.1.6) 



^A'=^%, (4.1.7) 

where and tt^, are arbitrary constant spinors, and x^^ is the spinor version 
of the position vector with respect to some origin. A twistor is then represented 
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by the pair of spinor fields ^W^,7r^'^ Z" [59]. The twistor equation (4.1.5) is 
conformally invariant. This is proved bearing in mind the spinor form of the flat 
four-metric 

Vab = SAB SA'B', (4.1.8) 

and making the conformal rescaUng 

Vab = ^'^Vab, (4.1.9) 

which imphes 

SAB = nSAB, EA'B' = ^SA'B', S^"" = ^^^^^ , S^' ^' = e^' . (4.1.10) 

Thus, defining r„ = P„(logl7) and choosing u)^ = lu^ , one finds ([68], [17]) 

VAA'ti^ = Vaa'CO^ + e/ TcA'UJ^, (4.1.11) 

which imphes 

Vj^w''^ = fi-ip^^^w^). (4.1.12) 

Note that the solutions of Eq. (4.1.5) are completely determined by the four complex 
components at O of and tta' in a spin- frame at O. They are a four-dimensional 
vector space over the complex numbers, called twistor space ([68], [17]). 

Requiring that i^a be constant over the /3-planes implies that i^^tt^ Vaa'^b = 0, 
for each tt"^ , i.e. V^Daa'^b = 0. Moreover, a scalar product can be defined between 
the field and the z/^-scaled /3-plane: iv'^va - Its constancy over the /?-plane implies 
that [69] 

u^tt^'Vaa' (w^z/b) = 0, (4.1.13) 

for each tt"^' , which leads to 

i^A'yB(vJ,''u;''A ^0, (4.1.14) 



for each /3-plane and hence for each i'a- Thus, Eq. (4.1.14) becomes the twistor 
equation (4.1.5). In other words, it is the twistor concept associated with a /3-plane 
which is dual to that associated with a solution of the twistor equation [69] . 

Flat projective twistor space PT can be thought of as three-dimensional complex 
projective space CP^ (cf. example E2 in Sec. 1.2). This means that we take the space 

of complex numbers ( z°, z^, z^, z"^ ) and factor out by the proportionality rela- 



tion yXz^ , Xz'^j ^(^z°, ...jZ-^j, with A G C — {0}. The homogeneous coordinates 

^z^\...,z^^ are, in the case of PT = CP"^, as follows: ^w", w^, ttq', tti'^ =^w^,7r^'j. 
The a-planes defined in this section can be obtained from the equation (cf. (4.1.6)) 

= ia;^^'7rA', (4.1.15) 
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where (^uj^,tta'^ is regarded as fixed, with tta' 0. This means that Eq. (4.1.15), 

considered as an equation for x^^ , has as its solution a complex two-plane in CM"^, 
whose tangent vectors take the form in Eq. (4.1.2), i.e. we have found an a-plane. 

The Q!-plancs are self-dual in that, if v and u are any two mill tangent vectors to 
an a-plane, then F = v®u — u®v\sa. self-dual bivector since 

pAA'BB' ^^AB^(A'B')^ (4.1.16) 

where (f)^^' ^"^ = ai:^' tx^', with cr G C-{G} (Ward 1981b). Note also that a-planes 
remain unchanged if we replace ^w"^, t^a^ by {Xuj^ , Att^/^ with A G C — {0}, and 
that all a-planes arise as solutions of Eq. (4.1.15). If real solutions of such equation 
exist, this implies that x^^ = x^^ . This leads to 

UJ^TTA + W^'tta' = i x^^' [tta'T^a - t^A'T^a) = 0, (4.1.17) 

where overbars denote complex conjugation in two-spinor language, defined ac- 
cording to the rules described in Sec. 2.1. If (4.1.17) holds and tta' 7^ 0, the so- 
lution space of Eq. (4.1.15) in real Minkowski space-time is a null geodesic, and 
all null geodesies arise in this way (Ward 1981b). Moreover, if tta' vanishes, the 
point ^w'^jTTA'^ =^a;'^,0^ can be regarded as an a-plane at infinity in compact- 
ified Minkowski space-time. Interestingly, Eq. (4.1.15) is the two-spinor form of 
the equation expressing the incidence property of a point {t, x, y, z) in Minkowski 
space-time with the twistor Z", i.e. [65] 

The left-hand side of Eq. (4.1.17) may be then re-interpreted as the twistor pseudo- 
norm [65] 

= Z°Z^+Z^Z^ + Z'^ZO + Z^Z^ = Lj'^WA + nA'UJ'^', (4.1.19) 

by virtue of the property (^Zq, Zi, Z2, Z^ =(^Z^, Z^, Z^, Z^^ . Such a pseudo-norm 

makes it possible to define the top half PT^ of PT by the condition Z°'Za > 0, 
and the bottom half PT' of PT by the condition Z"Za < 0. 

So far, we have seen that an a-plane corresponds to a point in PT, and null 
geodesies to points in PN, the space of null twistors. However, we may also interpret 
(4.1.15) as an equation where x^^' is fixed, and solve for (uj^jTya'^- Within this 
framework, tta' remains arbitrary, and lj^ is thus given by ix^^ tta' ■ This yields a 
complex two-plane, and factorization by the proportionality relation ^Ao;"*, Atta'^ ~ 

(u)^, TTA'^ leads to a complex projective one-space CP^, with two-sphere topology. 

Thus, the fixed space-time point x determines a Riemann sphere = CP^ in 
PT. In particular, if x is real, then lies entirely within PN, given by those 
twistors whose homogeneous coordinates satisfy Eq. (4.1.17). To sum up, a complex 
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space-time point corresponds to a sphere in PT, whereas a real space-time point 

corresponds to a sphere in PN ([65], [102]). 

In Minkowski space-time, two points p and q are null-separated if and only 
if there is a null geodesic connecting them. In projective twistor space PT, this 
implies that the corresponding lines Lp and Lg intersect, since the intersection 
point represents the connecting null geodesic. To conclude this section it may be 
now instructive, following [33], to study the relation between null twistors and null 
geodesies. Indeed, given the null twistors X",Y" defined by 

X"=(ix^^' Xc',Xa'), (4.1.20) 

Y"=[ixt^' Yc',Ya'), (4.1.21) 
the corresponding null geodesies are 

7x : x^^' = x^^' +XX^ X^', (4.1.22) 

7y : x^^' = ^' + M Y"^'. (4.1.23) 
If these intersect at some point X2, one finds 

x^^' = x^^' +\X^ X^ = xt^' +nY^ Y^' , (4. 1 .24) 
where A, e R. Hence 

x^^' Ya Xa' = x^^' Ya Xa' = xf^' Ya Xa' , (4. 1.25) 
by virtue of the identities X^' Xa' = Y^ Ya = 0. Equation (4.1.25) leads to 

X"F„ = I (4-^' Ya Xa' - x^^' Ya Xa-) = 0. (4.1.26) 

Suppose instead we are given Eq. (4.1.26). This implies that some real A and 
exist such that 

x^^' - x^^' = -A X^' + /i r^', (4.1.27) 

where signs on the right-hand side of (4.1.27) have been suggested by (4.1.24). Note 
that (4.1.27) only holds 11X^/1^"* ^ 0, i.e. if "fx and "fY arc not parallel. However, 
the whole argument can be generalized to this case as well [33] , and one finds that 
in all cases the null geodesies and intersect if and only if X" Ya vanishes. 

4.2. a-surfaces and twistor geometry 

The a-planes defined in Sec. 4.1 can be generalized to a suitable class of curved 
complex space-times. By a complex space-time (M, g) we mean a four-dimensional 
Hausdorff manifold M with holomorphic metric g. Thus, with respect to a holomor- 
phic coordinate basis x", 5 is a 4 x 4 matrix of holomorphic functions of x", and its 
determinant is nowhere- vanishing ([100], [103]). Remarkably, g determines a unique 
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holomorphic connection V, and a holomorphic curvature tensor R%^^. Moreover, 

the Ricci tensor Rat becomes complex-valued, and the Weyl tensor C"|,^,^ may be 
split into independent holomorphic tensors, i.e. its self-dual and anti-self-dual parts, 
respectively. With our two-spinor notation, one has (see (2.1.36)) 

Cabcd = IpABCD £A'B' £C'D' + ^A'B'C'D' £AB £CD, (4.2.1) 

where tpABCD = i^(ABCD),'4^A'B'C'D' = ^{A'B'C'D')- The spinors V and '0 are the 
anti-self-dual and self-dual Weyl spinors, respectively. Following [60], [61], [103], 
complex vacuum space-times such that 

i>A'B'C'D' = 0, Rab = 0, (4.2.2) 

are called right-flat or anti- self- dual, whereas complex vacuum space-times such 
that 

^ABCD = 0, Rab = 0, (4.2.3) 

are called left-fiat or self-dual. Note that this definition only makes sense if space- 
time is complex or real Riemannian, since in this case no complex conjugation re- 
lates primed to unprimed spinors (i.e. the corresponding spin-spaces are no longer 

anti-isomorphic) . Hence, for example, the self-dual Weyl spinor ipA'B'C'D' may van- 
ish without its anti-self-dual counterpart ipABCD having to vanish as well, as in Eq. 
(4.2.2), or the converse may hold, as in Eq. (4.2.3) (see Sec. 1.1 and problem 2.3). 

By definition, a-surfaees are complex two-surfaces S* in a complex space-time 
(M, g) whose tangent vectors v have the two-spinor form (4.1.2), where A'^ is vary- 
ing, and TT'^ is a fixed primed spinor field on S. From this definition, the following 
properties can be derived (cf. Sec. 4.1). 

(i) tangent vectors to a-surfaces are null; 

(ii) any two null tangent vectors v and u to an a-surface are orthogonal to one 
another; 

(iii) the holomorphic metric g vanishes on S in that g{v,u) = g{v,v) = 0,yv,u 
(cf. (4.1.3)), so that a-surfaces are totally null; 

(iv) a-surfaces are self-dual, in that F = v'^u — u'E)v takes the two-spinor form 
(4.1.16); 

(v) a-sin-faces exist in {M, g) if and only if the self-dual Weyl spinor vanishes, 
so that (M, g) is anti-self-dual. 

Note that properties (i)-(iv). here written in a redimdant form for pedagogical 
reasons, are the same as in the flat-space-time case, provided we replace the flat 
metric r] with the curved metric g. Condition (v), however, is a peculiarity of curved 
space-times. We here focus on the sufficiency of the condition, following [103]. 

We want to prove that, if {M,g) is anti-self-dual, it admits a three-complex- 
parameter family of self-dual a-surfaces. Indeed, given any point p G M and a 
spinor fiA' at p, one can find a spinor field tta' on M, satisfying the equation 

TT^' (^AA'TTB') = Ut^B', (4.2.4) 
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and such that 

TTA'ip) = IJ^A'ip)- (4.2.5) 

Hence tta' defines a holomorphic two-dimensional distribution, spanned by the vec- 
tor fields of the form X^tt^ , which is intcgrablc by virtue of (4.2.4). Thus, in 
particular, there exists a self-dual a-surface through p, with tangent vectors of the 
form A^/x^ at p. Since p is arbitrary, this argument may be repeated Vp G M. The 
space V of all self-dual a-surfaces in {M,g) is three-complex-dimensional, and is 
called twistor space of {M,g). 

4.3. Geometric theory of partial differential equations 

One of the main results of twistor theory has been a deeper understanding of 
the solutions of partial differential equations of classical field theory. Remarkably, a 
problem in analysis becomes a purely geometric problem ([102], [103]). For example, 
in [5] it was shown that the general real-analytic solution of the wave equation 
Q (/> = in Minkowski space-time is 

(j){x,y, z,t) = / F{x COS0 + ysinO + iz,y + izsm6 + tcos0, 9) d0, (4.3.1) 
J —v 

where F is an arbitrary function of three variables, complex-analytic in the first 
two. Indeed, twistor theory tells us that is a function on PT. More precisely, let 
f(u)^,TrA'^ be a complex-analytic function, homogeneous of degree —2, i.e. such 
that 

f(Xu;^,XnA') = X-^f{uj^,TrA'), (4.3.2) 
and possibly having singularities [102]. We now define a field (p{x'^) by 

<^(a;") = ^^j>f{ix^^\A',T^B)Trc' dn^' , (4.3.3) 

where the integral is taken over any closed one-dimensional contour that avoids 
the singularities of /. Such a field satisfies the wave equation, and every solution 
of = can be obtained in this way. The function / has been taken to have 
homogeneity —2 since the corresponding one- form fnc dir'-^ has homogeneity zero 
and hence is a one-form on projective twistor space PT, or on some subregion of 
PT, since it may have singularities. The homogeneity is related to the property of 
/ of being a free function of three variables. Since / is not defined on the whole 
of PT, and </> does not determine / uniquely, because we can replace f hy f + f, 
where / is any function such that 

j) fTTc d-K^' = 0, (4.3.4) 

we conclude that / is an element of the sheaf-cohomology group i?i(PT+,0(-2)), 
i.e. the complex vector space of arbitrary complex-analytic functions of three vari- 
ables, not subject to any differential equations ([63], [102], [103]). Remarkably, 
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a conformally invariant isomorphism exists between the complex vector space 

of holomorphic solutions of |^(/) = on the forward tube CM"*" (i.e. the do- 
main of definition of positive- frequency fields), and the sheaf-cohomology group 
H^(^PT+,Oi-2)y 

It is now instructive to summarize some basic ideas of sheaf-cohomology the- 
ory and its use in twistor theory, following [63]. For this purpose, let us begin by 
recalling how Cech cohomology is obtained. We consider a Hausdorff paracompact 
topological space X, covered with a locally finite system of open sets Ui. With re- 
spect to this covering, we define a cochain with coefficients in an additive Abelian 
group G (e.g. Z,R or C) in terms of elements fi, fij , fijk--- "= G. These elements 
are assigned to the open sets Ui of the covering, and to their non-empty inter- 
sections, as follows: /, to Ui, ftj to Ui fl Uj, fijk to Ui fl Uj fl Uk and so on. The 
elements assigned to non-empty intersections are completely antisymmetric, so that 
fi...p = f[i...p]- One is thus led to define 

zero - cochain a =(^fi, /2, /s, , (4.3.5) 

one - cochain /3 =(^fi2, /23, /i3, •••), (4.3.6) 

two - cochain 7 = (^fi23, /124, , (4.3.7) 
and the coboundary operator 6: 

5a=(f2-fuh-h,h-fu-) =(/i2,/23,/i3,...), (4.3.8) 



(5/3=(^/l2-/l3 + /23,./l2-/l4 + /24,...j - (/l23, /l24, ... j • (4.3.9) 

By virtue of (4.3.8) and (4.3.9) one finds = S'^fi = ... = 0. Cocycles 7 are 
cochains such that Sj = 0. Coboundaries are a particular set of cocycles, i.e. such 
that 7 = 5/3 for some cochain /3. Of course, all coboundaries are cocycles, whereas 
the converse does not hold. This enables one to define the p*^ cohomology group 
as the quotient space 

HP iX,G)^GPac/G'cB, (4.3.10) 

where G^^ is the additive group of p-cocycles, and Gq^ is the additive group of 
p-coboundaries. To avoid having a definition which depends on the covering 
one should then take finer and finer coverings of X and settle on a sufficiently fine 
covering |c^i| • Following [63], by this we mean that all the H^^Ui fl ... fl Uk,G^ 
vanish Vp > 0. One then defines 

RP. . , {X, G) = HP{X, G). (4.3.11) 

r*} 



1, 2008 20:37 WSPC/INSTRUCTION FILE esposito 



From Spinor Geometry to Complex General Relativity 33 



We always assume such a covering exists, is countable and locally finite. Note that, 
rather than thinking of fi as an element of G assigned to Ui , of fij as assigned to 
Uij and so on, we can think of fi as a function defined on Ui and taking a constant 
value e G. Similarly, we can think of fij as a G-valued constant function defined 
on Ui n Uj, and this implies it is not strictly necessary to assume that Ui fl Uj is 
non-empty. 

The generalization to sheaf cohomology is obtained if we do not require the 
functions fij,fijk--- to be constant (there are also cases when the additive group 
G is allowed to vary from point to point in X). The assumption of main interest is 
the holomorphic nature of the f's. A sheaf is so defined that the Cech cohomology 
previously defined works as well as before [63] . In other words, a sheaf S defines an 
additive group G„ for each open set U C X. Relevant examples are as follows. 

(i) The sheaf O of germs of holomorphic functions on a complex manifold X is 
obtained if G„ is taken to be the additive group of all holomorphic functions on U. 

(ii) Twisted holomorphic functions, i.e. functions whose values are not complex 
numbers, but are taken in some complex line bundle over X. 

(iii) A particular class of twisted functions is obtained if X is projective twistor 
space PT (or PT+, or PT^), and the functions studied are holomorphic and ho- 
mogeneous of some degree n in the twistor variable, i.e. 



If Gu consists of all such twisted functions onU C X, the resulting sheaf, denoted 
by 0{n), is the sheaf of germs of holomorphic functions twisted by n on X. 

(iv) We can also consider vector-bundle- valued functions, where the vector bun- 
dle B is over X, and G„ consists of the cross-sections of the portion of B lying 
above U. 

Defining cochains and coboundary operator as before, with fi G Gui and so on, 
we obtain the p**^ cohomology group of X, with coefficients in the sheaf S, as the 
quotient space 



where G^(S') is the group of p-cochains with coefficients in S, and G^g{S) is the 
group of p-coboundaries with coefficients in 5*. Again, we take finer and finer cov- 
erings of X, and we settle on a sufficiently fine covering. To understand this 
concept, we recall the following definitions [63]. 

Definition 4.3.1 A coherent analytic sheaf is locally defined by n holomorphic 
functions factored out by a set of s holomorphic relations. 

Definition 4.3.2 A Stein manifold is a holomorphically convex open subset of G". 

Thus, we can say that, provided S is a coherent analytic sheaf, sufficiently fine 
means that each of Ui,Uir\ Uj,Ui CiUj HUk--- is a Stein manifold. If X is Stein and 




(4.3.12) 



H^{X,S)^GnS)/G^a^{S), 



(4.3.13) 
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S is coherent analytic, then HP{X, S) = 0,\/p> 0. 

We can now consider again the remarks following Eq. (4.3.4), i.e. the interpre- 
tation of twistor functions as elements of H i(pr+,0(-2)). Let X be a part of 

PT, e.g. the neighbourhood of a line in PT, or the top half PT^, or the closure 
PT+ of the top half. We assume X can be covered with two open sets Ui , U2 
such that every projective line L in X meets C/i n ?72 in an annular region. For 
us, Ui n U2 corresponds to the domain of definition of a twistor function /(Z"), 
homogeneous of degree n in the twistor (see (4.3.12)). Then / = /12 = /2 — /i 
is a twisted function on Ui fl U2, and defines a one-cochain e, with coefficients in 
0(n), for X. By construction Se = 0, hence e is a cocycle. For this covering, the 
one-coboundarics are functions of the form I2 — h, where I2 is holomorphic on U2 
and h on Ui. The equivalence between twistor functions is just the cohomological 
equivalence between one-cochains e, e' that their difference should be a coboundary: 
e' — e = Sa, with a =(j-i,l2^- This is why we view twistor functions as defining 

elements of ^X, 0(n)^ . Indeed, if we try to get finer coverings, we realize it is 

often impossible to make Ui and U2 into Stein manifolds. However, if X = PT+, 
the covering |j7i, ?72| by two sets is sufhcient for any analytic, positive-frequency 
field [63]. 

The most striking application of twistor theory to partial differential equations 

is perhaps the geometric characterization of anti-self-dual space-times with a cos- 
mological constant. For these space-times, the Weyl tensor takes the form 

^itcd^'^ = i^ABCD eA'B' ec'D', (4.3.14) 

and the Ricci tensor reads 

Rab = -2^ab + 6Agab. (4.3.15) 

With our notation, bab and ba'B' are the curved-space version of the e-symbols 
(denoted again by eab and ea'B' in Eqs. (2.1.36) and (4.2.1)), <E>ab is the trace-free 
part of Ricci, 24A is the trace R = i?"^ of Ricci [100]. The local structure in projec- 
tive twistor space which gives information about the metric is a pair of differential 
forms: a one-form r homogeneous of degree 2 and a three-form p homogeneous of 
degree 4. Basically, r contains relevant information about ca'B' and p tells us about 
Bab, hence their knowledge determines gab = &ab ^a'B'- The result proved in [100] 
states that a one-to-one correspondence exists between sufficiently local anti-self- 
dual solutions with scalar curvature R = 24A and sufficiently small deformations 
of flat projective twistor space which preserve the one-form r and the three-form 
p, where t Adr = 2Ap. We now describe how to define the forms t and p, whereas 
the explicit construction of a class of anti-self-dual space-times is given in Sec. 5. 

The geometric framework is twistor space V defined at the end of Sec. 4.2, i.e. 
the space of all a-surfaces in (M, g). We take M to be sufficiently small and convex 
to ensure that P is a complex manifold with topology R'^ x S"^, since every point in 
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an anti-self-dual space-time has such a neighbourhood [100]. If Q, represented by 
the pair (a^, (3a'^ , is any vector in V, then r is defined by 

T(Q) = e^'^'^A'/3s'. (4.3.16) 

To make sure r is well defined, one has to check that the right-hand side of (4.3.16) 
remains covariantly constant over a-surfaces, i.e. is annihilated by the first-order 
operator X'^tt^ Vaa', since otherwise r does not correspond to a differential form 
on v. It turns out that r is well defined provided the trace- free part of Ricci 
vanishes. This is proved using spinor Ricci identities and the equations of local 
twistor transport as follows [100]. 

Let be a vector field on the a-surface Z such that eu" joins Z to the neigh- 
bouring a-surface Y. Since ev'^ acts as a connecting vector, the Lie bracket of v"' 
and X^TT^ vanishes for all A^, i.e. 

TT^' Vbb' v^^' - v^^' Vbb' X^ tt^' = 0. (4.3.17) 

Thus, after defining 

/J^, =v^^' Vbs' TT^', (4.3.18) 

one finds 

TTA' A^ TT^' VbB' V^""' = X^ 13^' TTA'. (4.3.19) 

If one now applies the torsion- free spinor Ricci identities ([66], [67]), one finds that 
the spinor field /3a' (x) on Z satisfies the equation 

A^ TT^' Vbb' Pa' = -i X^ TT^' Paba'b' a^, (4.3.20) 

where Pat = ^ab — ^gab and = iv^^ ttc- Moreover, Eq. (4.3.19) and the 
Leibniz rule imply that 

A-^ TT^' Vbb' = A-^ tt-^' Pa', (4.3.21) 

since tt^ V bb'T^c = 0. Equations (4.3.20) and (4.3.21) are indeed the equations of 
local twistor transport, and Eq. (4.3.20) leads to 

A^7r^'Vcc'(e^'^'7r^' /3b') = c^'^'tt^, (a^tt^'Vcc/Jb') 

= -i X^n^'nc e^'^' a^(^<^ABA'B' - ^bab e^'B') = i X^n^'ir^' u^^aba'B', 

(4.3.22) 

since n"^ ir^ sa'B' = 0. Hence, as we said before, r is well defined provided the 
trace-free part of Ricci vanishes. Note that, strictly, r is a twisted form rather than 
a form on P, since it is homogeneous of degree 2, one from tta' and one from Pb'- 
By contrast, a one-form would be independent of the scaling of tta' and (3b' [100]. 
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We are now in a position to define the three-form p, homogeneous of degree 4. 

For this purpose, let us denote by Qt, h = 1,2,3 three vectors in V, represented 
by the pairs (^a^,/3hA'^- The corresponding p{Qi,Q2,Q3) is obtained by taking 

P123 = \ [e^'^'-KA' PiB') (bab af ) , (4.3.23) 
and then anti-symmetrizing P123 over 1, 2, 3. This yields 

P{Ql,Q2,Q3) = ^(^123 - PlS2 + P2M - P2I3 + P312 - P32l)- (4.3.24) 

The reader can check that, by virtue of Eqs. (4.3.20) and (4.3.21), p is well defined, 
since it is covariantly constant over a-surfaces: 

TT^' Vaa' piQi, Q2, Q3) = 0. (4.3.25) 
5. Penrose TrEinsform for Gravitation 

Deformation theory of complex manifolds is applied to construct a class of anti-self- 
dual solutions of Einstein's vacuum equations, following the work of Penrose and 
Ward. The hard part of the analysis is to find the holomorphic cross-sections of a 
deformed complex manifold, and the corresponding conformal structure of an anti- 
self-dual space-time. This calculation is repeated in detail, using complex analysis 
and two-component spinor techniques. 

If no assumption about anti-self-duality is made, twistor theory is by itself insuf- 
ficient to characterize geometrically a solution of the full Einstein equations. After 
a brief review of alternative ideas based on the space of complex null geodesies of 
complex space-time, and Einstein-bundle constructions, attention is focused on the 
attempt by Penrose to define twistors as charges for massless spin-| fields. This 
alternative definition is considered since a vanishing Ricc;i tensor provides the con- 
sistency condition for the existence and propagation of massless spin-| fields in 
curved space-time, whereas in Minkowski space-time the space of charges for such 
fields is naturally identified with the corresponding twistor space. 

The two-spinor analysis of the Dirac form of such fields in Minkowski space- 
time is carried out in detail by studying their two potentials with corresponding 
gauge freedoms. The Rarita-Schwinger form is also introduced, and self-dual vac- 
uum Maxwell fields are obtained from massless spin-| fields by spin- lowering. In 
curved space-time, however, the local expression of spin-| field strengths in terms 
of the second of these potentials is no longer possible, unless one studies the self- 
dual Ricci-flat case. Thus, much more work is needed to characterize geometrically 
a Ricci-flat (complex) space-time by using this alternative concept of twistors. 

5.1. Anti- self- dual space-times 

Following [98], we now use twistor-space techniques to construct a family of anti- 
self-dual solutions of Einstein's vacuum equations. Bearing in mind the space-time 
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twistor-space correspondence in Minkowskian geometry described in Sec. 4.1, we 
take a region TZ of CM"^, whose corresponding region in PT is TZ. Moreover, Af 
is the non-projective version of TZ, which implies A/" C T C C^. In other words, as 
coordinates on Af we may use (^u)°, 10^,1^0' , tti'^ . The geometrically-oriented reader 
may like it to know that three important structures are associated with J\f: 

(i) the fibration (u^^, tta'^ — * t^a', which implies that Af becomes a bundle over 
C2 ^ {0}; 

(ii) the two-form ^(Loa A di^^ on each fibre; 

(iii) the projective structure Af ^ TZ. 

Deformations of A/" which preserve this projective structure correspond to right-flat 
metrics (see Sec. 4.2) in TZ. To obtain such deformations, cover Af with two patches 
Q and Q. Coordinates on Q and on Q are (u^,TrA'^ and (Q^,TrA'^ respectively. 
We may now glue Q and Q together according to 



^ + r(a;^,7rB'), (5.1.1) 



nA'=TTA', (5.1.2) 
where /"^ is homogeneous of degree 1, holomorphic on Qf]Q, and satisfies 

Such a patching process yields a complex manifold Af^ which is a deformation of Af. 
The corresponding right-flat space-time G is such that its points correspond to the 
holomorphic cross-sections of Af^. The hard part of the analysis is indeed to find 
these cross-sections, hut this can bo done; cixplicitly for a particular class of patching 
functions. For this purpose, we first choose a constant spinor field p"^^ ^ = ^ ) 
and a homogeneous holomorphic function g{-~f,TTA') of three complex variables: 

<?(a37, X-ka) = A-ig(7, t^a) VA G C - {0}. (5.1.4) 

This enables one to define the spinor field 

P^^P^^'^'tta'TTs', (5.1.5) 

and the patching function 

/^=p^5(pBa;^,7rB'), (5.1.6) 

and the function 

F(X^^A') = .9(«PA X^^' TTCTTA'). (5.1.7) 

Under suitable assumptions on the singularities of g, F may turn out to be holo- 
morphic if x"' G TZ and if the ratio tt = ^ |[. It is also possible to express F 
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as the difference of two contour integrals after defining tlie differential form 

n = (2TTip^'T:A') ' Fix\pB') pc'dp°'. (5.1.8) 



In other words, if F and F are closed contours on the projective p^'-sphere defined 
by IpI = 1 and |pl = 2 respectively, we may define the function 



h= (p n, (5.1.9) 
holomorphic for tt < 2, and the function 

h= 6 fl, (5.1.10) 



holomorphic for tt > 1. Thus, by virtue of Cauchy's integral formula, one finds (cf. 
[98]) 

F{X", TTA') = h{x", TTA') - h{x" , TTA')- (5.1.11) 

The basic concepts of sheaf-cohomology presented in Sec. 4.3 are now useful to 
understand the deep meaning of these formulae. For any fixed x", F(.t°, tt^/) deter- 
mines an element of the sheaf-cohomology group H^{Pi{C), 0(— 1)), where -Pi(C) 
is the Riemann sphere of projective tta' spinors and 0(— 1) is the sheaf of germs of 
holomorphic functions of tta', homogeneous of degree —1. Since vanishes, F is 
actually a coboimdary. Hence it can be split according to (5.1.11). 

In the subsequent calculations, it will be useful to write a solution of the Weyl 
equation V"^"* Va = in the form 

^^ = i7r^' VAA'/^(a;^^c')• (5-1-12) 

Moreover, following again [98], we note that a spinor field (x) can be defined 
by 

U'^'tTb' = i P^^'^' TTB' TTC V AA' h{x , D') , (5.1.13) 

and that the following identities hold: 

ip^^'^' TTB' Waa'Kx.^c) = ? = \U^\ (5.1.14) 

^^p^^'B' = -^(^'s'). (5.1.15) 

We may now continue the analysis of our deformed twistor space J\f^, written 
in the form (cf. (5.1.1) and (5.1.2)) 

io^ =io^ +p^g{pBOJ^,i^B'^, (5.1.16a) 

TTA' = TTA'- (5.1.166) 

In the light of the split (5.1.11), holomorphic sections of are given by 

u^{x\TTB') = ix^^' TTA' hix\nB') inQ, (5.1.17) 
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UJ^ix^TTB') = i X^^ TTA' + h{x\TTB-) m Q, (5.1.18) 

where x'' are complex coordinates on Q. The conformal structure of G can be com- 
puted as follows. A vector U = U^^ V bb' sA, x'^ G Q may be represented in J\f^ 
by the displacement 

6uj^ = U^VbCo'^{x'',nc'). (5.1.19a) 
By virtue of (5.1.17), Eq. (5.1.19a) becomes 

Su)"^ = U^^'{i £/ -KB' VBS'/l(a;^7^c'))• (5.1.196) 
The vector U is null, by definition, if and only if 

5oj^{x^,'KB') = Q, (5.1.20) 

for some spinor field -kb'- To prove that the solution of Eq. (5.1.20) exists, one 
defines (see (5.1.14)) 



(5.1.21) 



C,BB' ^ n ^ B ^ B' ^ BB' 



(5.1.22) 

We are now aiming to show that the desired solution of Eq. (5.1.20) is given by 
Indeed, by virtue of (5.1.21)-(5.1.23) one finds 



U 



BB' 



BB' \A „A' 



(1 - e)A^^^ - PA' A-^ TT 



(5.1.24) 



Thus, since ttb' = 0, the calculation of (5.1.19b) yields 



6lj^ = -ipc X"" tt 



iPA'"^^' -KB' +Pa^"' VBB'/i(a;,7r) 



BB' „A 



+(1-0A^ 7r^'p^VBB'/i(x,7r). 



(5.1.25) 



Note that (5.1.12) may be used to re-express the second line of (5.1.25). This leads 
to 

Jo;^ = -Vc A'^' r^, (5.1.26) 



where 



— ^A' 



i pjj^^' -KB' +Pa^''' VBB'h{x,-K) + i{l - i)p 



BB' „A 



-i p^^'-^' TTA' -KB' +ip^ +P^ 



■p^^'^' -KA' V BB'h{x,-K) - i£, 



i + i + ii - ii p^ = 0, 



(5.1.27) 



in the light of (5.1.5) and (5.1.14). Hence the solution of Eq. (5.1.20) is given by 
(5.1.23). 
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Such null vectors determine the conformal metric of Q. For this purpose, one 
defines [98] 



B' _ B' p B' 



-'BB' 



CC 



A = - VA'B' V 



-1 ^ C - C I A -1 ,/, „ CC ,. A' 

£b ^b' + a Wb Pa' ^b' ■ 



A'B' 



Interestingly, S^'^ is the inverse of 0*"^, since 



Indeed, after defining 



(S> CC = 

^A' — 



TT CC 



„ CC" CC p D' 

Pa' ~ Pd' sa' ! 



(5.1.28) 
(5.1.29) 
(5.1.30) 

(5.1.31) 

(5.1.32) 
(5.1.33) 



a detailed calculation shows that 

CBB' ^ CC ^ C ^ C „L if, CC /CI oA\ 

" AA' ^BB' - ^A ^A' = WA ^ A' ■ (5.1.34) 

One can now check that the right-hand side of (5.1.34) vanishes (see problem 5.1). 
Hence (5.1.31) holds. For our anti-self-dual space-time Q, the metric g = gabdx"- ig) 
dx^ is such that 

gab = ^{x) Sfc,. (5.1.35) 
Two null vectors U and V at x G have, by definition, the form 



u- 



AA' _ ^AA 



BE 



/ A a , 



(5.1.36) 



l/-4A'^O^A^^,X^/3^\ (5.1.37) 

for some spinors , j j • In the deformed space , U and V correspond 
to two displacements 6iUJ^ and 6210^ respectively, as in Eq. (5.1.196). If one defines 
the corresponding skew-symmetric form 

S^{U,V) = SiiOA62tu'^, 



AA' 



,B aB' 



the metric is given by 

g{U,V) =(a^' fiA')[a^' ttc)"' S^{U,V). 

However, in the light of (5.1.31), (5.1.35)-(5.1.37) one finds 

g{U, V) = gabU'^V' = E{x)(^X^ xa) (a^' Pa')- 
By comparison with (5.1.39) this leads to 

S^{U,V) = E{x)[\^ xa) (a^' TTB') ttc). 



(5.1.38) 
(5.1.39) 
(5.1.40) 
(5.1.41) 
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If we now evaluate (5.1.41) with /3^' = a"*', comparison with the definition (5.1.38) 
and use of (5.1.12), (5.1.13), (5.1.19b) and (5.1.36) yield 

S = A. (5.1.42) 

The anti-self-dual solution of Einstein's equations is thus given by (5.1.30), (5.1.35) 
and (5.1.42). 

The construction of an anti-self-dual space-time described in this section is a 
particular example of the so-called non-linear graviton [60], [61]. In mathematical 
language, if is a complex three-manifold, B is the bundle of holomorphic three- 
forms on A4 and H is the standard positive line bundle on Pi , a non-linear graviton 
is the following set of data [31]: 

(i) M, the total space of a holomorphic fibration n : M ^ Pi; 

(ii) a four-parameter family of sections, each having H (B H as normal bundle 
(see e.g. [33] for the definition of normal bundle); 

(iii) a non- vanishing holomorphic section s oi B ^ Tr*H'^, where H'^ = H ^ H ^ 
H H, and 7r*il* denotes the pull-back of by tt; 

(iv) a real structure on A4 such that n and s are real. A4 is then fibred from 
the real sections of the family. 

5.2. Beyond anti- self- duality 

The limit of the analysis performed in Sec. 5.1 is that it deals with a class of solutions 
of (complex) Einstein equations which is not sufficiently general. In [108] and [109] 
the authors have examined in detail the limits of the anti-self-dual analysis. The 
two main criticisms are as follows: 

(a) a right-flat space-time (cf. the analysis in [38]) does not represent a real 
Lorentzian space-time manifold. Hence it cannot be applied directly to classical 
gravity [100]; 

(b) there are reasons fo expecting that the equations of a quantum theory of 
gravity are much more complicated, and thus are not solved by right-flat space- 
times. 

However, an alternative approach due to Le Brun has become available in the 
eighties [40]. Le Brun's approach focuses on the space G of complex null geodesies 
of complex space-time {M,g), called ambitwistor space. Thus, one deals with a 
standard rank-2 holomorphic vector bundle E ^ G, and in the conformal class 
determined by the complex structure of G, a one-to-one correspondence exists be- 
tween non- vanishing holomorphic sections of E and Einstein metrics on (M, g) [40] . 
The bundle E is called Einstein bundle, and has also been studied in [14]. The 
work by Eastwood adds evidence in favour of the Einstein bundle being the correct 
generalization of the non-linear-graviton construction to the non-right-flat case (cf. 
[38], [52], [43], [53]). Indeed, the theorems discussed so far provide a characterization 
of the vacuum Einstein equations. However, there is not yet an independent way 
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of recognizing the Einstein bundle. Thus, this is not yet a substantial progress in 
solving the vacuum equations. Other relevant work on holomorphic ideas appears 
in [41], where the author proves that, in the case of four-manifolds with self-dual 
Weyl curvature, solutions of the Yang-Mills equations correspond to holomorphic 
bundles on an associated analytic space (cf. [97], [104], [101]). 

5.3. Twistors as spm-| charges 

In this section, we describe a proposal by Penrose to regard twistors for Ricci-flat 
space-times as (conserved) charges for massless helicity-| fields ([71], [72], [73], [74]). 
The new approach proposed by Penrose is based on the following mathematical 
results [73]: 

(i) A vanishing Ricci tensor provides the consistency condition for the existence 
and propagation of massless helicity-| fields in curved space-time ([11], [13]); 

(ii) In Minkowski space-time, the space of charges for such fields is naturally 
identified with the corresponding twistor space. 

Thus, Penrose points out that if one could find the appropriate definition of charge 
for massless hclicity-| fields in a Ricci-flat space-time, this should provide the con- 
cept of twistor appropriate for vacuum Einstein equations. The corresponding ge- 
ometric program may be summarized as follows: 

(1) Define a twistor for Ricci-flat space-time {M,g)iiF', 

(2) Characterize the resulting twistor space 

(3) Reconstruct (M, g) bp from J^. 

We now describe, following [71], [72], [73], [74], properties and problems of this 
approach to twistor theory in flat and in curved space-times. 

5.3.1 Massless spin-| equations in Minkowski space-time 

Let {M, rf) be Minkowski space-time with flat connection V. In (M, rf) the gauge- 
invariant field strength for spin | is represented by a totally symmetric spinor field 

i^A'B'C =i'(A'B'C')-, (5.3.1) 

obeying a massless free-field equation 

V^^' i^A'B'C = 0. (5.3.2) 

With the conventions of Penrose, i/ja'B'C describes spin-| particles of helicity equal 
to I (rather than - |). The Dirac form of this field strength is obtained by expressing 
locally tpA'B'C in terms of two potentials subject to gauge freedoms involving a 
primed and an unprimed spinor field. The first potential is a spinor field symmetric 
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in its primed indices 

7b'C'=7(b'C')' (5-3-3) 
subject to the differential equation 

■D''''' = 0, (5.3.4) 

and such that 

IpA'B'C ^T^AA' Ib'C- (5.3.5) 
The second potential is a spinor field symmetric in its unprimed indices 

P^?=p[;1^\ (5.3.6) 

subject to the equation 

V^^' p^f = 0, (5.3.7) 
and it yields the 7b'c potential by means of 

7^,C'=-Dbb' P^?. (5.3.8) 
If we introduce the spinor fields i^c' and obeying the equations 

D^c?' = 0, (5.3.9) 

VAC'X^ = '2ii^C', (5.3.10) 

the gauge freedoms for the two potentials enable one to replace them by the poten- 
tials 

li'C'=li'C'+1^B^'^C', (5.3.11) 

p-^? ^ p-^? + s^^ i^c + ^ (5.3.12) 

without affecting the theory. Note that the right-hand side of (5.3.12) does not con- 
tain antisymmetric parts since, despite the explicit occurrence of the antisymmetric 
e'^^ , one finds 

T>c} = —Vlc = i e^'^vc, (5.3.13) 
by virtue of (5.3.10). Hence (5.3.13) leads to 

P^f = p^?+^VJ^X''^■ (5.3.14) 

The gauge freedoms are indeed given by Eqs. (5.3.11) and (5.3.12) since in our flat 
space-time one finds 

2^^^' 1%B' = 2^^^' ^""b' ^a' = V^B' -D^^' ^A' = 0, (5.3.15) 
by virtue of (5.3.4) and (5.3.9), and 
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= V^^ V^^' x"" = -'D^^' V^A- x"", (5.3.16a) 

which imphes 

p-^A' ^BC ^ Q_ (5.3.166) 

The result (5.3.16b) is a particular case of the application of spinor Ricci identities 
to flat space-time. 

We are now in a position to show that twistors can be regarded as charges for 
helicity-| massless fields in Minkowski space-time. For this purpose, following [72], 
[74] let us suppose that the field satisfying (5.3.1) and (5.3.2) exists in a region 
1Z of (M, ry), surrounding a world-tube which contains the sources for ij). Moreover, 
wc consider a two-sphcrc S within TZ surrounding the world-tube. To achieve this 
we begin by taking a dual twistor, i.e. the pair of spinor fields 

Wo.=(\A,ti^'), (5.3.17) 
obeying the differential equations 

■Daa' h""' = i SaP' \a, (5.3.18) 

Vaa' \b = 0. (5.3.19) 
Hence is a solution of the complex-conjugate twistor equation 

V'^/ ix^'^ = 0. (5.3.20) 

Thus, if one defines 

ipA'B' = IpA'B'C , (5.3.21) 

one finds, by virtue of (5.3.1), (5.3.2) and (5.3.20), that fA'B' is a solution of the 
self-dual vacuum Maxwell equations 

V^^' ipA'B' =0- (5.3.22) 

Note that (5.3.21) is a particular case of the spin-lowering procedure [33], [68]. 
Moreover, ipA' b' enables one to define the self-dual two-form 

F = ipA'B' dx/' A dx^^', (5.3.23) 



Q=^(hF. (5.3.24) 



which leads to the following charge assigned to the world-tube: 

i 

For some twistor 

Z"=(w^,TrA'), (5.3.25) 
the charge Q depends on the dual twistor as 

Q = = Aa + 7rA' M^'. (5.3.26) 
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These equations describe the strength of the charge, for the field V, that should 
be assigned to the world-tube. Thus, a twistor Z" arises naturally in Minkowski 
space-time as the charge for a helicity +1 masslcss field, whereas a dual twistor 
Wa is the charge for a helicity — | massless field [74]. 

Interestingly, the potentials J^^' ^^'^ Pa^ can be used to obtain a potential 
for the self-dual Maxwell field strength, since, after defining 

O'^A' = lA'B' m""' - i Pa? Ab, (5.3.27) 

one finds 

VcB' e^A' ={Dcb' 1a'd)iJ''^' +1a'D'{Dcb' M^') - i{VcB' Pa?)\b 

= ipA'B'D' n'^ + i e^P -f%jj, Ac - i lA'B' Ac 

= i>A'B'D' M^' = ^A'B', (5.3.28) 

T>s^' e% ={v/ ^%^)^,^' + [v/ M^') - < V P^'a^Yd 

-ipA?{v/ \d) = 0. (5.3.29) 

Eq. (5.3.28) has been obtained by using (5.3.5), (5.3.8), (5.3.18) and (5.3.19), 
whereas (5.3.29) holds by virtue of (5.3.3), (5.3.4), (5.3.7), (5.3.18) and (5.3.19). 
The one-form corresponding to 6'-'^' defined by 

A = eBB'dx^^', (5.3.30) 

which leads to 

F = 2dA, (5.3.31) 

by using (5.3.23) and (5.3.28). 

The Rarita-Schwinger form of the field strength does not require the symmetry 
(5.3.3) in B'C as we have done so far, and the "fB'C' potential is instead subject 
to the equations [72], [73], [73] 

T^AiA' lB')C' = 0> (5-3-32) 

D^'(-^ 7s'C' = 0- (5.3.33) 

Moreover, the spinor field vc' in (5.3.11) is no longer taken to be a solution of the 
Weyl equation (5.3.9). 

The potentials 7 and p may or may not be global over iS. If 7 is global but p 
is not, one obtains a two-dimensional complex vector space parametrized by the 
spinor field tta'- The corresponding subspace where tta' = 0, parametrized by to"^, 
is called w-space. Thus, following [74], we regard 7r-space and w-space as quotient 
spaces defined as follows: 

n — space = space of global i/^'s/space of global 7's, (5.3.34) 
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w — space = space of global 7's/space of global p's. (5.3.35) 



5.3.2 Massless spin-| field strengths in curved space-time 

The conditions for the local existence of the p^P potential in curved space-time are 

derived by requiring that, after the gauge transformation (5.3.12) (or, equivalently, 
(5.3.14)), also the p^F potential should obey the equation 

V^^' F = 0, (5.3.36) 

where V is the curved connection. By virtue of the spinor Ricci identity [103] 

Vm'(a V^b) xc = tpABDC X° - 2A X{A eB)c. (5.3.37) 

the insertion of (5.3.14) into (5.3.36) yields, assuming for simplicity that vc = 
in (5.3.10), the following conditions: 

ipABCD = 0, A = 0, (5.3.38) 

which imply wc deal with a vacuum self-dual (or left-flat) space-time, since the 
anti-self-dual Weyl spinor has to vanish [74]. 

Moreover, in a complex anti-self-dual vacuum space-time one finds [74] that 
spin-| field strengths Va's'c can be defined according to (cf. (5.3.5)) 

V'A'B'C = Vcc 7a'b'> (5.3.39) 

are gauge-invariant, totally symmetric, and satisfy the massless free-field equations 
(cf. (5.3.2)) 

V^^' i>A'B'C' = 0. (5.3.40) 

In this case there is no obstruction to defining global i/i-fields with non-vanishing 
TT-charge, and a global 7r-space can be defined as in (5.3.34). It remains to be seen 
whether the twistor space defined by a-surfaces may then be reconstructed (Sec. 
4.2, [60], [61], [103], [74]). 

Interestingly, in [73] it has been proposed to interpret the potential 7 as pro- 
viding a bundle connection. In other words, one takes the fibre coordinates to be 
given by a spinor rjA' and a scalar p,. For a given small e, one extends the ordinary 
Levi-Civita connection V on M to bundle-valued quantities according to [73] 

--(';>(vr:)-<.> "r)(T)' 

with gauge transformations given by 
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Note that terms of order have been neglected in writing (5.3.42). However, such 
gauge transformations do not close under commutation, and to obtain a theory valid 
to all orders in e one has to generalize to SL{3, C) matrices before the commutators 

'llA' 



close. Writing [A) for the three-dimensional indices, so that 77(^) denotes 
one has a connection defined by 



VPP' - C;;;,^;' ) - 7pp, (.r^ (5.3.43) 
with gauge transformation 

r]{A) = ViA) + f(^A)^^ r](B)- (5.3.44) 
With this notation, the v^^-j ' are SL{3, C)-valued fields on M, and hence 

SiP) (Q) in) ^^^(A) ^JB) ^^^(C) ^ ^(A) (B) (C)^ 3 

where £^^^ '^'^^ are generalized Levi-Civita symbols. The SL(3,C) definition of 
7-potentials takes the form [73] 

{B) ^ ( app,A,^' (3pp'A'\ r5 3 4fil 

while the curvature is 

Penrose has proposed this as a generalization of the Rarita-Schwinger structure in 
Ricci-flat space-times, and he has even speculated that a non-linear generalization 
of the Rarita-Schwinger equations (5.3.32) and (5.3.33) might be 

i+)T^ (B) cP'{A){C) pQ' _o r5 3 49l 

^P'Q' (A) (B) (D) ~ y^o.o.^-aj 

where '^~'>K and '^^^K are the anti-self-dual and self-dual parts of the curvature 
respectively, i.e. 

K,, (A^^ = ep,Q, ^-^KpQ ) + epQ (+^Kp,Q, (5.3.50) 
Following [73], one has 

^p'(A)(C)=^(p)(A)(C)g^^p'^ (5.3.51) 

^Q' (B) (D) = ^(Q) (B) (D) eQ/'^\ (5.3.52) 
the e^p^' and e^,'''^'' relating the bundle directions with tangent directions in M. 
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6. The Plebanski Contributions 

The analysis of (conformally) right-flat space-times of the previous sections has its 

counterpart in the theory of heaven spaces developed by Plebanski. This section 
reviews weak heaven spaces, strong heaven spaces, heavenly tetrads and heavenly 
equations. 

6.1. Outline 

One of the most recurring themes of this paper is the analysis of complex or real 
Riemannian manifolds where half of the conformal curvature vanishes and the vac- 
uum Einstein equations hold. Section 5 has provided an explicit construction of such 
anti-self-dual space-times, and the underlying Penrose-transform theory has been 
presented in Sec. 4. However, alternative ways exist to construct these solutions of 
the Einstein equations, and hence this section supplements the previous sections by 
describing the work in [78]. By using the tetrad formalism and some basic results in 
the theory of partial differential equations, the so-called heaven spaces and heavenly 
tetrads are defined and constructed in detail. 

6.2. Heaven spaces 

In his theory of heaven spaces, Plebanski studies a four-dimensional analytic man- 
ifold M4 with metric given in terms of tetrad vectors as [78] 

g = 2e^e2 2e^e^ = 5a6 e^e*" e O (6.2.1) 

The definition of the 2x2 matrices 

r^^' ^ ^/2 
enables one to re-express the metric as 

9 = -det r^^' = 1 sab scd' r^^' r^^' • (6.2.3) 

Moreover, since the manifold is analytic, there exist two independent sets of 2 x 2 
complex matrices with unit determinant: L'^^ G SL{2,C) and g G SL{2,C). 
On defining a new set of tetrad vectors such that 




(6.2.4) 



the metric is still obtained as 2e^ -|- 2e^ e^ . Hence the tetrad gauge group may 
be viewed as 

g = SL{2, C) X SL{2, C). (6.2.5) 

A key role in the following analysis is played by a pair of difi^erential forms whose 
spinorial version is obtained from the wedge product of the matrices in (6.2.2), i.e. 

^AB' ^ ^CD' ^ gAC ^B'D' ^ ^AC gB' D' ^ 3.6) 
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where 

t> =-Sr'S'T At --e Ae i>„b , (b.ZJ) 

cA'B' _ 1 ^ RA' . SB' _^ . h a A' B' in ^ c,\ 

^ =2 ^RS T At =-eAei„(, . (b.2.8j 

The forms S"^^ and 5^ are self-dual and anti-self-dual respectively, in that the 
action of the Hodge-star operator on them leads to [78] 

*gAB ^ gAB^ (g 2.9) 

*gA'B' ^ _gA'B' ^ (6.2.10) 

To obtain the desired spinor description of the curvature, we introduce the anti- 
symmetric connection forms Tab = '^[at] through the first structure equations 

de" = e** A (6.2.11) 

The spinorial counterpart of Tab is given by 

Tab = —Tab S-^^g, (6.2.12) 

Ta'B' = --^^ab S°'^A'B'^ (6.2.13) 



which implies 



Tab = -ISab^"" Tab - Ta'B'- (6.2.14) 



To appreciate that Tab and Ta' b' are actually independent, the reader may find 
it useful to check that [78] 

The action of exterior differentiation on t^^' , S"^^ , S"^' ^' shows that 

dS^^ = -iS^^^ r%, (6.2.18) 

dS^'B' = -35(^'^' f^')^„ (6.2.19) 
and two independent curvature forms are obtained as 



R\ ^ dr\ + T\ AT\ = -\ V^BCB S^"" 
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+ + (6.2.20) 

+ ^S\ + 1^cd^'b'S^^. (6.2.21) 

The spinors and scalars in (6.2.20) and (6.2.21) have the same meaning as in the 
previous sections. With the conventions in [78] , the Weyl spinors are obtained as 

i^ABCD = S°'^AB Cabcd S'"^CD = '^(ABCD), (6.2.22) 
i'A'B'C'D' = S'^'^A'B' Cabcd S^^/jj, = i>{A'B'C'D'), (6.2.23) 

and conversely the Weyl tensor is 

Cabcd = S^if"^ tpABCD S^J^'^ + - S^t,-^ ^ ^A'B'C'D' ^ . (6.2.24) 

The spinor version of the Petrov classification (Sec. 2.3) is hence obtained by stating 
that and are the two types of P-spinors if and only if the independent 
conditions hold: 

V'ABcr. fc^ k^ = 0, (6.2.25) 

ipA'B'c D' w^' w-^' oj'^' u}°' = 0. (6.2.26) 

For our purposes, we can omit the details about the principal null directions, and 
focus instead on the classification of spinor fields and analytic manifolds under 

consideration. Indeed, Plebanski proposed to call all objects which arc SL{2, C) 
scalars and are geometric objects with respect to SL{2, C), the heavenly objects (e.g. 
S"^^ jTABji'ABCD)- Similarly, objects which are SL{2,C) scalars and behave like 
geometric objects with respect to SL{2, C) belong to the complementary world, i.e. 
the set of hellish objects (e.g. ^ ,^A'B',''j''A'B'C"D')- Last, spinor fields with (ab- 
stract) indices belonging to both primed and unprimed spin-spaces are the earthly 
objects. 

With the terminology of Plebanski, a weak heaven space is defined by the con- 
dition 

i>A'B'C'D' = 0, (6.2.27) 

and corresponds to the conformally right-flat space of Sec. 3. Moreover, a strong 
heaven space is a four-dimensional analytic manifold where a choice of null tetrad 
exists such that 



Ta'B' = 0. 



(6.2.28) 
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One then has a forteriori, by virtue of (6.2.21), the conditions [78] 

V'A'B'C'D' = 0, ^ABC'D' = 0, R = 0. (6.2.29) 

The vacuum Einstein equations are then automatically fulfilled in a strong heaven 
space, which turns out to be a right-flat space-time in modern language. Of course, 
strong heaven spaces are non-trivial if and only if the anti-sclf-dual Wcyl spinor 
i^ABCD does not vanish, otherwise they reduce to flat four-dimensional space-time. 



6.3. First heavenly equation 

A space which is a strong heaven according to (6.2.28) is characterized by a key 
function ft which obeys the so-called first heavenly equation. The basic ideas are 
as follows. In the light of (6.2.19) and (6.2.28), dS^ ^ vanishes, and hence, in a 
simply connected region, an element ^ of the bundle exists such that locally 

=rfJ7^'s'. (6.3.1) 



Thus, since 



S^i'i' =2e^Ae\ (6.3.2) 
52'2'=2e^Ae^ (6.3.3) 
S^'^' = -e^Ae^ + e^Ae\ (6.3.4) 



Equation (6.3.1) leads to 



2e*Ae^ = rfC/^'^', (6.3.5) 

2e^ A e"^ = dU^"^' . (6.3.6) 

Now the Darboux theorem holds in our complex manifold, and hence scalar func- 
tions p, q, r, s exist such that 

2e^ A = 2dp A dq = 2d{p dq + dr), (6.3.7) 

2e^ A = 2dr Ads = 2d{r ds + da), (6.3.8) 

A A A e* = rfp A rfg A rfr A ds. (6.3.9) 
The form of the heavenly tetrad in these coordinates is 

e^=Adp + Bdq, (6.3.10) 

e^ = Gdr + H ds, (6.3.11) 

e^ = Edr + F ds, (6.3.12) 

e^ = -Cdp-Ddq. (6.3.13) 
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If one now inserts (6.3.10)-(6.3.13) into (6.3.7)-(6.3.9), one finds that 

AD - BC = EH - FG = 1, (6.3.14) 

which is supplemented by a set of equations resulting from the condition dS^ ^ = 0. 
These equations imply the existence of a function, the first key function, such that 
[78] 

AG -CE = Qp^, (6.3.15) 

BG-DE = Vlqr, (6.3.16) 

AH -CF = Q.ps, (6.3.17) 

BH - DF = Q.qs. (6.3.18) 

Thus, E, F, G, H are given by 

E = B - AQgr, (6.3.19) 

F = B rips- Angs, (6.3.20) 

G = DQpr-C nqr, (6.3.21) 

H = D Hps - C flqs. (6.3.22) 

The request of compatibility of (6.3.19)-(6.3.22) with (6.3.14) leads to the first 
heavenly equation 

det (^'^ ^'')=1. (6.3.23) 
6.4. Second heavenly equation 

A more convenient description of the heavenly tetrad is obtained by introducing 
the coordinates 

x = D.p, y = flq, (6.4.1) 

and then defining 

A = -Vlpp, B = -npq, C = -nqq. (6.4.2) 

The corresponding heavenly tetrad reads [78] 

= dp, (6.4.3) 

e^ = dx + Adp + B dq, (6.4.4) 

e^ = -dy-B dp-C dq, (6.4.5) 
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= -dq. (6.4.6) 
Now the closure condition for 5^'^' : dS'^ '^' = 0, leads to the equations 

A^ + By = 0, (6.4.7) 

Ba, + Cy= 0, (6.4.8) 
(aC-B^) +Bg-Cp = 0, (6.4.9) 

(aC-B^) -Aq + Bp = 0. (6.4.10) 
By virtue of (6.4.7) and (6.4.8), a function 6 exists such that 

A = —Oyy, B = 0xy, C = —QxT' (6.4.11) 

On inserting (6.4.11) into (6.4.9) and (6.4.10) one finds 

dw {^xx 0yy — (^ly + Oxp + Oy^ = 0, (6.4.12) 

where w = x,y. Thus, one can write that 

GxxOyy - ely + Oxv + ^y<i = fp{P, q), (6.4.13) 
where / is an arbitrary function of p and q. This suggests defining the function 

e = 0-xf, (6.4.14) 

which implies 

fp ~ ^xx^yy ®x2/ "I" ©xp "I" ©j/g "I" /p) 

and hence 

Qxx Qyy - Qly + &xp + Qyq = 0. (6.4.15) 

Equation (6.4.15) ensures that all forms S'^'^' are closed, and is called the sec- 
ond heavenly equation. Plebanski was able to find heavenly metrics of all possible 
algebraically degenerate types. An example is given by the function 

e = ^ / yi-". (6.4.16) 

Za[a — 1) 

The reader may check that such a solution is of the type [2 — 2] (g) [— ] if a = —1, 2, 
and is of the type [2 — 1 — 1] (g) [— ] whenever a ^ — 1, 2 [78]. More work on related 
topics and on yet other ideas in complex general relativity can be found in [79], 
[19], [50], [80], [35], [10], [28], [91], [92], [20], [36], [87], [15], [42], [7], [81], [82], [83], 
[95]. 
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7. Concluding Remarks 

It has been our aim to give a pedagogical introduction to twistor theory, with 

emphasis on the topics and methods that a general relativist is more familiar with. 
Much more material can be found, for example, in [18], especially spin-3/2 potentials 
([1], [23], [47], [24], [25]) and various definitions of twistors in curved space-time 
[59]. Moreover we should acknowledge that complex (Riemannian) manifolds have 
been investigated from the point of view of the corresponding real structure in [8] , 
[9]. These are the so-called Norden-Kahler or anti-Kahler manifolds. With spinor 
notation, they are treated in [84] , [85] . Older references on this subject which deserve 
mention are [26], [34], [39], [21], [22], while very recent results can be found in [49], 
[89]. 

For a long time the physics community has thought that twistor theory is more 
likely to contribute to mathematics, e.g. powerful geometric methods for solving 
non-linear partial differential equations ([102], [93], [44], [75], [94], [51], [76]). How- 
ever, the work of Penrose on spin-3/2 potentials ([74], [75]) and the work in [105] on 
perturbative gauge theory has changed a lot the overall perspectives. In particular, 
Witten points out that perturbative scattering amplitudes in Yang-Mills theories 
have remarkable properties such as holomorphy of the maximally helicity violating 
amplitudes. To interpret this result, he considers the Fourier transform of scattering 
amplitudes from momentum space to twistor space, and finds that the transformed 
amplitudes are supported on certain holomorphic curves. Hence he suggests that 
this might result from an equivalence between the perturbative expansion of N=4 
super Yang-Mills theory and the D-instanton expansion of the topological B-model 
the target space of which is the Calabi-Yau supermanifold CP^^^. The subject of 
twistor-string theory (see Twistor String Theory URL [106] in the References) has 
evolved out of such a seminal paper, showing once more the profound importance 
of holomorphic ideas in quantum gravity. 

Moreover, from the point of view of classical general relativity, it appears very 
encouraging that general asymptotically flat (neither necessarily self-dual nor anti- 
self-dual) vacuum four-spaces can be described within a new twistor-geometric for- 
maUsm [77]. 
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